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1 Ndm L€ c kh§ini m va thufn th, ¢ 2nh LYo ham riéng, vi phan ¢ aham
nhiQu bi/n.
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Gifng '€ ng do P2 phon cng.
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Gi, ithi uvQmonh ¢ v’ c8quy L nh

Chehng 1: H'm's" nhiQu bi/jn s’

§1.1Gi ihYn—Liént c

A1.2 nYo ham - Vi phan

Gi, i thi uh ¢ phfn Glal TECH 11 (15 phtit)

1 nW thbly bI'n chbit ¢ a hi n t€ ng cing nhe m r ng kh[ ntng Li vao
cu, ¢ s ng ¢ ato8n h ¢ ch¥ng ta cfn nghién ¢ u gili t2ch trong phdm vi nhiQu
bi/jn.

1 V. i ham nhiQu bi/n, nhiQu kh8i ni m va k/jt qul v, i ham m t bi/n
khong con blo toan ma c6 nh, ng bi/jn thW tinh vi, uyn chuyWn va h, a hGn nh_ ng
.ngd ngvtcungrngl n.GTH -m ts tipt cGilitchl-h€ ngch yju
vao phép tinh vi phan, phép tinh tich phan ¢, a ham nhiQu bi/jn.

1 Chang ta s€ thbly rbit nhiQu v2 d, , bai tdp li°n quan L/n th, ¢ ti n cho
thely m{ng . ng d, ng v tiQn kho8ng hdu ¢ a IT thuy/t, Lfm blo s tré ng ' n
c ato§nh c.

1 Céc khai ni m, ' nh [T, t2nh chblt ... th€ ng L'€ ¢ ph&t biWu bing T iva
KJth pv, ictngth c..

Chinh sach riéng
M. i IFn Ién blng ch_ a bai tdp L¥%ng L€ ¢ ghinhdn, ¢ ng v o LiWim qu§ trinh
0.5 LiWm. Ch_ a bai tdp sai khng b tr LiWm.
S hindinténl p:KhingLih ¢ 25bu is€khing L€ c thi.
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Danh sach SV (it nhblt 7 ¢ tkiWm trasps’)

Cheéhng1: HEM S NHIjUBIEN S

§1.1.Gl, IHYN-LIENT C
1.1.1. Tdp h p trong y"
a. Khong gian y"
XétVlatdph pcgcb ns th cc-th t X=(Xg, ..., X,), X; Fy. (Hi n
th ita viJt Ldm c§cphfnt ¢ aV).
Trong V L€a v-'o ph®p ¢ ng va vaphép nhan v. i vt h€ ng:
X=(Xg, s X ) Y = Ve Vo) X0 Yi 1Y,
X+Y = (X Y1 e s Xn +Yn),
ax =(axy, .., ax,), aly.
Khi L- V tr thanh khing gian vBc t trén y; phfnt ¢caVvgilavect ,
LLikhig il Liwm.
* T2ch vt h ang. T2ch vt h ang ¢ a hai vec th x vay lam, ts th c, KT
hi ulax.y, (cotaili uviftla<xy>)x8 L nhb i:
XY =XYg +oH XY,
* Khéng gian Euclide y" . Kh1ng gian vlc th V ¢- trang b tch v1 h€ ng
v. anéu g ilakhong gian Euclide n chiQu, KT hi u 1a y".
T2ch v h€ ngnéu trén cé cac tinh chbit thtng th€ ng L' bi/jt ht ph thing.
Khi x.y=0tan-ihaivlcth x vay latr cgiaov, inhau, vavit xNy.
* Kha! ng c8ch. Kha! ng c8ch gi. a X = (Xg,...,X,) V& Y =(Yg,-.,Yn) KY
hi ub id(x,y), x§ L' nhtheo ctngth ¢

d(x, y) =y (x-y)Y(x-y).

d(X, ) = (Y1 = X0)? +.ot (Y = X0)? (L1)
Kho[ng c§ch nay con g i la kho[ng c§ch Euclide, c- c§c t2nh chblt sau LOy:
d(x,y) =d(y,x) : tnhLl ix ng




d(x,y)20; d(x,y)=0Ux=y : tnhx8cL nhdehng
d(x,y) +d(y,z) 2d(x,z) : bbltL3ng th. ¢ tam giSc

Trong y?2, Liim hay L€ ¢ KT hi u 1a (x,y), trong v 13 (x,y,2).

n ngnhbt LiWm M v, ib, s (X,y,z) latod L, ¢ an-trongm th tofL
tr. ¢ chuXn; thay cho LiWm M, ta vift (x,y,z) hay Lfy L, hhn M(X,y,z). Kholng
cach (1.1) chinh 1a kho[ng c&ch thing th€ ng.

Trong y2: nilim M c- thi I ng nheit v i tod I, (x, y) ¢ a n-; thay cho
LiWm M ta villt (X, y), hay Lfy L, hhn M(X, y).

Trong phfn con 14i ¢, a chehng n"y c§¢ kit qul L€ ¢ trinh bay ch, y/u
trong <2, NhiQu kNt qul tehng t con L¥%ng cho <".

b. Phan lo i top hup trong y"

f Lan con. Cho aT<?; e-lan cdn ¢ a Liim a (con g i 1a hinh cfu m
tam a, ban kinh ), ki hi u U,(a), latdph" p x§cL'nh b i:

Ug(a) ={x T <?:d(x,a) <e}.

nilma '€ cg ilaLiomtrongc atdp h p EEy? nju Ech am thinh
cfum n"oLl-tma: $U,(X)EE,(e>0). n'ngth i,tdp Eg ilam tlan con
¢ aliWm a.

1 Topme. Tdph' pEL€ cg ilatopmenjum iliWmc aE LQu I LiWm
trongc an-.

D, nhdn thbly ring, tdp h' p U (a) latdp m' .

1 nidm bién. niWm x g i la Liém bién ¢, a E n/ju trong m, t e-1an cdn bbit ki
¢ axLQuch a2 nhbt m tLiWm thu ¢ Eva m t LiWm khing thu ¢ E. Tdp c8¢c
LiWm bién¢ aEkzhi ula p(E), g ilabiénc aE.

RG rang, LiWm trong ¢, a E n3m trong E; LiWm bién ¢, a E c- thWthu, c E, c-
thW khng thu c E.

1 ToplL-ng.EL€ cg ilatopl-ngnjun-ch am iliWmbiéng an-:

EL-ng UE=ECu(E).
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Hinh 1.1. (a) Hinh ¢ u mg, (b) top mg, (c) hinh ¢ uL-ng,
(d) mltc u (top L-ng) trong y?
Ch3ng hin, c8c tdp sau LOy I'" L_-ng (xem Hinh 1.1):
+ Hinh cfu L-ng tOm a, b8n knh e.
+ MHt cfu L-ng tom a, b&n k2nh e.
 TopblchIn. Tdp EL€ c g ilablchinnjut ntlim thinh cfum’ nao
L-ch an-.
U $ hinhcful-ngnol-ch an-
U $ hinhcful-ngtom Och an-
f Top compac. Tdp L-ng va b chin L'€ ¢ g i la tdp compact.
1 MiZn. M, itdpo m lam, t mizn me.
MiQn m cung v, ibiéng an- g ilamiznL-ng.
MiQn m , miQn L-ng ¢ i chung la miQn.
MiQn mat 2 LiWm bbit k8 ¢ an- c- thWn iv inhaub im tL€ ng gky
khdc n3m hoan toan trong miQn g i 1a mizn lién thong.

Sau L0y, khi L'a quen, ta khdng con phli vift ch, Ldm cho phfnt ¢ a y"
n, a.

Vi dA 1.1. Cho cac tdp h' p sau LOy trong y? (xem Hinh 1.2):
D, ={(x,y):a<x<b, c<y<d}: tdph pm" (Khingch abién)
D, ={(x,y):a¢ x<bh, c¢y<d}: Khongm , khingL-ng
Dy ={(x,y):a¢tx¢b, c¢y¢d}: tdph pL-ng(ch abién)
Ng€ i ta con dung ky hi u tch Descartes LW ch” ¢§c hinh ch, nhdtL-: D,
L€ cKThiub i(a b)3(cd),..,D;3 b ila bl3[c,d]. #
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Hinh 1.2. Hinh chu nhat trong y?
1.1.2. Ham nhiQu bi/n s’
a. ninh nghga. Cho D E <". Anh x{ f:D—<
X = (X, Xp) — F(X) =F (X, X)) T<

'€ cg ilahams trénD.

D: top x8c Linh, f: ham sX; x: biAn sX (hay LXi sX).

Leuy ring bin's” c¢- n thanh phfn, m, i thanh phfn xem nh€ m tbijn L ¢
Idp (cho nén hams™ trén <" hay '€ c¢ g i 12 ham nhiZu biAn).

b. C&c ph. _ ng ph8p bidu dikn ham sX (¢x)

BiOu dikn b"ng bi6u thoc g# i tch.

BiOu dikn b"ng LQ thn

So dAng c8c L yng (LQng) moc

B ng du liMu.

1.1.3. Gi, i hUn ¢, a ham nhiQu bi/jn

a. Giai i n cva day Liom

Ta n6i day Lim {u,}={(x,,y,)} E y? hii A LIn ugy = (Xq,Y,) Nu

nIirriljd(un,uo) =0. (1.2)

Khi L- ta vift nIirTJ:(xn,yn) =(Xp,Yp), hay Lhn gi[n nlm:} u, =uq hotc
U, — ug (khin —=).

Gi ihinc adayLiWmtehng Lehngv, igi ihinc at ngf al :

1im (X, ¥n) = (X0, Yo) U lim X =xo; lim y, =y, (1.3)

* nidm giai b n (Lidm tA). niWm a L€ ¢ g i la Liém giai ' n ¢ a tdp
DE<"njuc- m tddy {u,} chcphfnt kh§cac aDh it Lina.

b. Giai i n cva ham sX

ninh nghoa. Cho hams* f(u) x8c L'nh trén D E y2 va a=(xo,Y,) lam t
LiWm gi, i hin ¢ a D. Tan-i ham f(u) c6 giai ' n A T < khiu dfn L/n anfju:

""e>0,$d>0,sa0cho u I D, 0<d(u,ug) <e Y [f(u)-Y<e. (1.4)

Khi L- ta vi/jt l!irr;f(u) =" hay f(u) — " khi u—a.

7



nWLfy L, , tacon vijt
limf(x,y) =" (hay f(x,y) =" khi (X,y) — (Xq,¥0)) (1.5)
(x,y)—(x0.Yo)

ninh IT 1.1. Ham f(u) ¢6 gi. i hUn ~ khi u dfn L/Jn a khi va ch” khi
"{u,}ED;u, ., & nIirr:}un:a‘1'(nlirr‘1:f(un):". (1.6)

HMguw . Nju limf(u)="thiv i u=(x,y) dfnLlJn a=(Xq,y,) theom, t
u—a
'€ ng cong tug T trong D, f(u) dfn L/n ~.

A

y

4/

(@] 1Xg X

>

Hinh 1.5. nidm d n LAn (xy,y,) theo nhung L. yng kh8c nhau
L. uy. Cac K/t qul th*ng th€ ng L iv. igi ihlnc aham 1bin nhe gi i
hin ¢ at ng, hi u, L'nh IT kGp€ v¥n con L¥%ng cho gi. i hin ¢, a ham nhiQu bijn.
VidA 1.4. Tim gi. i hin

) lim  (x?+y?)sin 0i) lim (%2 +y?)sin
(. y)—(1,0) x% +y? (x,y)—(0,0)

x2 +y?

. ) ) 1 ]
Gii.i) lim (x?+vy?)sin =sinl.
) ! 1,0)( y) NI,

i) Ham s~ x§c L' nh trén <2/{(0,0)}. Ta c6
0 ¢ [f(x,y)| ¢ x> +y* — 0 (khi (x, y) — (0,0).

Theo U'nh I2kGp, lim  fl(x,y)|=0Y lim f(x,y)=0.
n nh nghoa gi. i hdn vt hin tehngt nh€v, i ham m tbijn.

Ch3ng hin 2 — += khi (x,y) — (0,3);
X

2
e +1

>—— — T8 khi (x,y,2) —(0,0,0). #
Yy +z

1.14.S liént cc ahams
Cho ham s f(x,y), (x,y)ID, trong L- D I" tdp tu8 T ¢ a v? va
(Xo,Yo) ID I Liim gi, ihlnc aD. Tan-if(x, y) liént, c tdi (xq,Y,) Nu

lim  f06Y) =F(XoYo). (L.7)
(X, ¥) — (X0.Y0)

Gil's a=(xpY) ID, u=(x,y)=(xg+Dx,yo+Dy) ID.
Nt Df =f(Xy + DX,yq + DY) - f(Xq, Yo)
8



Khi - h"'ms’ f(u) liént, c ti (xq,Y,) khivach’ khi

lim  Df =0. (1.8)
(Dx,Dy)—(0,0)

*H'm f(x,y) L€ cg ilaliént ctrén miQn D nfju n- lién t ¢ tdim i Liwm
(X0:¥0) I D.

L uy. C8 L'nh I2vQ { ng, hi u, tch, theéhng, lu: th a, h" p ham ¢ a c§c
ham lién t_ ¢, L' nh nghoa h"'m sh cblp va tinh lién t ¢ ¢ a ch¥ng, c§c kh§i ni m va
kit quf vQ s liént c LQu L iv i ham m t bi/jn gfn nh€ vXn con blo toan cho
tré ngh p ham nhiQu bi/jn. Ch3ng hin

_ninh IT1.2. Ham f(x,y) lién t c tréntdp L'-ng, gi. in i D thib chin tren -
v LOtLE cgi§tr | nnhblt, gi§ tr nh nhblt: $(xq,Y,), (X,,Yy,) TD LW
Foq ) =m= Min £xy); F(xz,y2) =M = Max f(x,y).

ninh IT 1.3. Ham f(x,y) lién t_ c trén tdp L -ng, gi. i n_ i thi lién t ¢ L'Qu trén

L-,tclavimie>0,timL€cs dsaochovi (xy), (xiy) TD ma

d((x,y), (xi,y) ¢d thi [f(x,y) - f(xi,yi)| ¢e.

Y k). 00)
X +y
0 (x,y) =(0,0)
RO rang ham lién t, c tdi m, i LiWm (Xq,Y,) . (0,0) (vi la th€hng hai h™m
lién t. ¢, mXu kh8c 0).
TUi (Xg,Yo) = (0,0), theo bbit L'3ng th, ¢ Cauchy.

VidA15.Chohams u=f(x,y)=

—\—) -/ —) M:

2.2 a 2, .2\a 2, 2va-1
0¢|Xy|¢x +y Y |2Xy| 2¢ (X -;y )2 :(X +y) )
X“+y" 23 (x“+y9) 22
Tré ngh pl: a>1

](a—l)/Z

lim  f(x,y)¢ |i£n02ia[d(u,0) =0=7(0,0).

(le)_(olo)
Vdy f(x,y) lién t, ¢ tdi (0,0).
Tré ngh p2: a¢l. Xét (x,y) — (0,0) theo '€ ngy = x.

2a 1

f(xy)=f(x,x)= )2(x2 =y — @( 0) Knix — 0. Vay fxy) khing

lién t, ¢ tUi (0,0). #

A1.2. nyO HAM - VI PHAN

1.2.1. nYo ham riéng

ninh nghga. Cho ham s” z=f(x,y) x& L nh trong tdp m" D E y?, Ity
Lilm Mg(Xg,Yo) TD. C L'nh y =y, thi f(X,y,) 1a ham m t biJn x. NJu ham
ny c- LYo ham tdi x=x, thi LYo h"'m L- ¢ i la ¥ o ham riéng ¢, a ham



z=f(x,y) theo biJn x (bijn th. nhbit) tdi Lilm My(Xg,Ye), Ki hi ub imt
trong céc céch sau:

. . HZ(Xg,Yo) HF(Xq,Y0)
Zi.(X0,Y0), fi(Xo,Yo), , :
k (X0,Y0), Ti(X0,Yo) X X

Nh€ vdy, cho Dx L, nh, sao cho(x, +Dx,y,) I D. nit:

D,z =f(Xy +Dx,yq) - f(Xq.Y0)
g ilasXgiariengc ahams z=f(x,y) L iv ibiJnx tli (xq,y,). Khil-

IJf(XO7yO) = lim %

UX Dx—0 DX
A
y
(X0.Y0)  (Xo +DX,Yp)
Yop----------k------ L
) Xo Xg + DX X

Hinh 1.6. Cach lop sX gia riéng cva ham sX
nYo ham riéng theo bi/n y tdi (x4,y), ki hi ula

, , Kf (X0, Yo) Mz (X0, Yo)
fj(X0.¥0): 2z, (Xo,Yo), Ly hay y
n23: L'nhnghjatehngt .
Quy tac. Khi t2nh Lo ham riéng theo bi/jn n"o L -, ta ch” vi ¢ coi c&c bi/n
kh§c khing I i, " i lbly LYo ham theo bi/jn L'- nhe Ibly LYo ham v, i ham m t bifn.
Vi dA 1.7. T2nh c8c LYo ham riéng ¢ aham s’

i.z=xY, (x>0). ii. 7 = arctan >, (y.O0).
y

Gili.i. = yx¥ L 2 winx.
HX Hy
. Mz 1 1y | yz_ 1 -X -X
. = 2y 2.2 2,2
X 1+ (x/y)°yY x“+y° WY 1+(x/y) y- Xx°+y

1.2.2. Vi phén ¢, a ham nhiQu bi/jn

ninh nghea

1 Chohams" z=f(x,y) x8c L'nh trong tdo m D. Trong D Ibly c§c LiWm
(Xg:Yo), (X,¥) =(xg+Dx,y,+Dy).Billuth c

Df =f(xg +Dx,yq *+ Dy) - f(XgYo)

'€ c g ilasXgiatoan pht nc aham f(x,y) tdi (xq,Y,)-

N/Jus gia Df co thi biWu di n d€ iding

10



Df = ADx + BDy + aDx + bDy (1.9)
trong L- A, B 1" nh nghings khingph, thu cvao Dx, Dy (ch’ ph, thu c vao
(X0,Y0)), a=a(x,y) — 0, b=b(x,y) — 0 khi Dx — 0 vl Dy — 0 thi ta noi:

+Ham's™ f(x,y) ki vi tli (Xq,Y0);

+ Billu th ¢ ADx+BDy g i la vi phan toan pht n ¢, a ham z tdi (x,,Y,)
(ngv is giaDx,Dy cal is x, ytehng. ng), k2 hi ula dz(xy,y,) hay
df (Xo.Yo) -

Nh€ vdy, dz(xy,y,) = ADx+BDy.

*Hams z=f(x,y) g ilaki vitrén D njun- kh[ vitdim iLiWmc aD.

Tinh chn t. NJu f(x,y) kh[ vi tdi (xq,y) thiliént ctdiL-.

CM: Df = ADx + BDy + aDx + bDy — 0 khi Dx, Dy — 0.

Vdy ham lién t, ¢ tdi (Xq,Y,) -

ninh I2 1.5. Cho h™m f(x,y) x§c L'nh trong tdp m" D E y? va (Xg,Y,) T D.

(i) (nizu kiMn ¢ n L@ ham ki vi). NJju f(x,y) kh[ vi tdi LiWm (x4, y,) thit n
tdi c&c L% ham riéng fj(Xo,Yo), fj(X0,¥o). Cachings” A, B trong L' nh nghoa
viphancho b i A=1j(Xq,yo), B=1}(Xo,Yp); n6i cach khéc,

df (Xg,¥0) = i (Xo, Y0) DX + 1§ (Xq, Yo) Dy -

(ii) (nizu KiMn Lv L® ham ke vi). NJu ham s* z=f(x,y) c- c§c LYo ham
riéng lién t, ¢ tdi 1on cdn ¢ a LiWm (Xg,Yo) thi kh vitdiL- va

dz(Xg,Yo) = fi (X0, Yo)DX + £ (X, Yo)Dy . (1.10)

Chong minh

(i) T gil thi/t, Df = ADx + BDy + aDx +bDy .
Xét y =y, =const thi Dy=0 va Df =D,f = ADx+aDx.DoL-:
im ADx +aDx

. D.f
fi(Xp, = lim 2X-=1i
k(Xo.¥o) Dx—0 DX Dx—0 Dx

Tehngt , f,(Xq,Yo) = B.

=A.

(i) V. i Dx, Dy L, nh thi
Df =f(xq + DX,yq *+ Dy) - f(Xq,Yo)
:[f (Xo + DX, Yo +Dy) - f (X, Yo + DY)] + [f (X0, Yo *+Dy) - f(Xo’YO)]-
Apd ngcingth ¢s giagi in ichohamm tbiJn d¥n Ln
Df =} (Xo + a1Dx, Yo + Dy)Dx + £, (X, Yo *0,Dy)Dy
trongL- 0<q;<10<q,<1.
Vi fy, fy lient, c ti (xq,yo) nén
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Df =[f§(Xo.Yo) + @] Dx + §f} (X0, ¥o) +bgDy
trongLl- a — 0, b — 0 khi Dx — 0, Dy — 0.
Vdy Df =1} (Xq,Yo) +abx +f(Xg,Yo)Dy +bDy (Lpcm).

Cha y. Gi'ng nhe tré ng h p m t bijn, nfu x, y 1a bijn L, ¢ Idp thi
dx=Dx; dy=Dy.T L-,

df (X, Yo) = fic(Xg, Yo) dX + (X, Yo) dy.
HMqut . Nju fi(X,y), fy(X,y) liént, c trong tdp m D thi

df (x,y) = HOOY) g WEOGY) (1.11)
X y

Vi dA 1.8. Xét s kh[ vi va tinh vi phan dz(x,y), dz(0,1) (nJu c-) ¢, a c8c
hams z=x3+y3-3xy.

G i. M2 = 3x?2 -3y, E:3y2 -3x, lanh ngham liént ctrén y?2.
HX Hy

Vdy hams™ la kh[ vi trén y? va dz = 3[(x? - y)dx + (y? - x)dy] .

dz(0,1) = -3dx + 3dy = 3(-dx + dy). #

Chay. n"iv, i ham nhiQu bin, s T n tli c8c LYo h"m ri°ng ch€a L[m b[o
LWhams™ kh[ vi. X8t v2d, sau.
VidA 1.9. (tai li u[1]) #
&ng dAng vi phOn L6 2nh ¢t n LY%ng. NJu LAt
X=Xo+Dx, y=yy+Dy (hay Dx =x-Xq, Dy =y -Yy).,
t L nh nghoa vi phtn ta c-
Dz =f(x,y) - f(Xo,Yo)
=1j (X0, Yo) (X = Xg) + 1} (X0, Yo)(Y - ¥o) +a(X = Xq) +b(y - yo)
©fi (X0, Yo)(X = Xo) +j (X0, Yo)(¥ - Yo) = df (Xg,Yo).
D¥n LIn ctng th. ¢ xblp X’
f(Xg + DX, yg +Dy) ©f(xg,¥o) +fi (X, Yo)Dx + (X0, Yo)Dy
(=f(Xg,¥0) +df (Xg,¥0))- (1.12)

Cong th. ¢ nay cho phép tinh gida tr gfn L¥%ng ¢ ahams™ dung vi phan.
VJ] phli la biWu th ¢ tuy/n 2nh ¢, a c8c bi/jn x, y nén cong th. ¢ clng c- tén
la ¥ p Xz tuyAn t2nh ¢, a ham f tdi 10n cdn LiWm (X, Y,) -
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,’; M /
23 > >
% Xy +4x b4

Hinh 1.7. Y nghoa hinh hZc cva vi phon
_Gi'ngnhetré ng " pm, tbi]n, khi 8p d, ng c*ng th c (1.12) LW tnh gi§
tr xblp X ¢, abiWuth ¢ An“oL- ch¥ng taphli:
+ X8&c I nh ding ham f,
+ X8 L'nh Lilm (Xq,Yg),  L- d tnh (hottc c- stn) f(Xg,Y,), c8c LYo
ham riéng f§ (Xo,Yo), fj (X0, Y0).
+ X8c L'nh c8cs gia Dx,Dy; cacs gianay ph[i L, b@.

Vi dA 1.10. Tinh xblp X" A = arctan&.

Céc bUn hay tr[ T i cOu h, i figi§ nh€?0 Y (Xg,Y,)
Giatr ITth nhbit — x

: Y Diing ham f(x,
Giatr th hai —y 3 D nghamitey)

GH i. Xétham's' z =arctan. tdi Ion cdn Lilim (1,1).

X
R e | D ' __1
AlLt)=— 2 x|y 2yl 2
1+8Y9 * ) (12)
Ex =
. _ 1 1 _ X 1
v W WS
1+3Y0 7y Yilay
&0
GXT

Suyra A =z(1-0,05,1+0,02) © z(L1) +(-1/2)(-0,05) + (1/2)(0,02)
=, +0,035°0,785+0,035=0,820.(GiA tf L¥ing A=0,8200).  #
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congth ¢ (1.12) L€ c8§pd nghi uqul LWenh sais ¢ alUil€ ngLlo.

b) Thlo ludn -VQtdpm , L-ng, bién, b chin, com pdc, lién théng, miQn
m , miQn L -ng, miQn.
- S gi ng, kh§c nhau ¢, a ham 1 bi/jn, nhiQu bi/jn.
)T hec - n'nh ngha gi€ i hdn hams’,

-n' nhnghoa liént, c, liént ¢ LQu
- ' nh nghea vi phén theo bi/jn x.

d) Bai tdp chuxn
b t ithiWu

B“i 6, (Chehng I)

Tailiu

Tai I u 1], tr ...

Cha y: Bai tdp vQ nha cho c[ ch€hng

B tr : 3(b);
15;

35(1, j, k, 1)
VD 1.17;

VD 1.26A;
VD 1.29 (i, ii); VD 1.30; VD 1.37,;

CHhuNG I
4(a, b, d); 5(a);
18(b); 21(b);

30(a);  34(c, 9);
Chinh: 6(a, b, c, d, e);

35(d, e)

14

37(c, d, e, );

10(a);  12(b);
23(a); 24(a);
39(c); 41(a, e).

13(b, c); 24(c); 26(d); 33; 34(f);
36, f, g h, i, j, k)
VD 1.27;

40(d, e, f);




Ch€hng, m, c: 1
Ti/jtth :6-10 Tufnth :2
MAc L2ch, yéu ¢ u:
1 KiWm trakiJn th c, rén luy n k: ntng t2nh Gi, i han va xét tinh lién t ¢
1 Ndm L€ c kh§ini m va bi/t c§h 2nh nH ham h' p, Ldo ham ham Xn, LYo
hm theo h€. ng, T nghga nH theo h€ ng.
- Hinh thoc tY choc d' y hxc:
Hinhth cch, y/fu: LT thuyft, thfo ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t-T. h ¢, t nghiénc u: 5t
- nfla Lidm:
Gilng '€ ng do P2 phon cong.
- Nii dung ch?nh:
Ch, abaitdp phfn Gi, i han—-Liént c
A1.2 nYo ham - Vi phan

nS 6. a) Continuous , discontinuous, C; b)D; ¢)C; d) D; e)C.

A1.2. nyO HAM - VI PHAN
1.2.3.nYo hamriéng ¢ ahamh p

F(x,y) = fu(x,y),v(x,y)), (x,y) ID.

Tinhchnt. H p ¢ ac§ ham liént, claham liént, c.
ninh 121.6. Gi['s h™m f (u,v) c- c§c Llo ham riéng S—Zt—f lién t, c trong
pu HU HV KV
X pypx py
HF H
ux’ Hy

D, cac ham u(x,y), v(x,y) c- c&c LYo ham riéng — lién t, c trong

D. Khi L- trong D T n tdi c§c Lo ham riéng —

P _ P
X MU UX MV X
1 _WFp -
THY Hu Hy s
nWti n k2 hi u, ta khng phen bi t f va F khi t2nh Lo ham riéng, vdy
uf_pfpu pfpv o pf_pfpu pf v
MX pu HX WX gy pupy vy
Xem CM trong [1].
Chay.i) Tré ngh p z="f(u(x,y)) thi
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bz _dfuiy)) puix,y). bz _ diux.y)) jiy) g 14

LX du  wx O opy du oy

i) Tré ngh p z=f(x,y), y=y(X) Y z =f(x,y(x)) (ham m, tbi/n) thi
dz _uf ufdy (1.15)
dx px Hy dx

i) Tré ngh p z=F(x,y), x=x(t), y=y(t) Y z = f(x(t), y(t)) thi
dz _pf dx  uf dy (1.16)
dt  px dt py dt

iii) Tré ngh p z="7(u,v,w) thi f =f(u(x,y),v(X,y),w(x,y)). L¥c L-
f _pfpu pf gy b w

MX pu HX WV X W X
WE_pfpu pf gt pw (17)
by HUKY PVRY pwopy
iv) Cho ph®p L i le]n ST UEX y; bifjn m, i LiWm (x,y) I D th™nh Lilm
|V V(X
J(X,y) = (u(x,y), v(x,y)) T D, matrdn
dpu - pvo
& 0
=2 WX
glU - WV
fny  py?

g ilama trdn Jacobi ¢ aph@p L ibin u=u(x,y), v=Vv(x,y).
nnhth cc amatrdnJg il L nh th c Jacobi hay Jacobian ¢ a ph®p L i
bi/n, KT hi' u la ———= D(u,v).
D(x,y)
S Hug
D(UV) _ gere® Wy (1.18)
D(xy) — €nv pvu
BHX  HY{
Nhdn x@t KT hi u: Céc bijnthamgia“ t : Ch" ham s’
Céc bi/n tham gia® mXu: Ch" L' i s
VidA 1.12. T2nh LYo ham ¢ ahams” h p

i) z=InU?+v?) viu=xy,v=x/y; ii)z=e¥YInx%+y?).

o 2u 2v 1 2
GPi.i E:EE+E&: V+ — ===
)ux MU XV X a2 T T y X
HZ _HZ MU Pz pv _ 2U v a x 5_ _2(y4—1)
i e 2.t g e 05 =
Hy HUHYy HVHY Uu”+v Uu"+vie Yy = y(y*+1)
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ii) Th c ra, khi LYo ham ta khdng cfn vi/t ra c§c ham trung gian u, v, w...,
nén vift tr c ti/Jp theo c8c bin cu” icung x,y, z ... #

Sx bt bidn d* ng cva vi phOn

Xét z=1(u,v), u,viahaibinL cldp. Khil-

dzzﬁdu +£dv. *)
Hu Hv
V¥n x8t z=f(u,v) nheng v, iu, vIabilnph, thu c:
u=u(x,y), v=v(x,y).
Y z=f(u(x,y),v(x,y)). Apd, ng (*):
dz= £dx +£dy :
HX Hy
T ch, £:£E+£&, ..thayvol€ ¢
HX HU X HV X
S L I L P L I LA A
GHU UX vV pX = ¢ Hu Hy HVW—

:Egﬁd +— pf dyo+ ufgwdx+ Hdeo

MUCHX  py & pVEHX py s
:Edu +£dv. (**)
Hu Hv
Nh€ vdy ¢tng th ¢ (**) clng ding v, i (*).
Ta ndi: Vi phan cblp m t bbit bi/jn ding (c- cung ding (*) du la bin L, ¢ Idp
hay bi/ln ph, thu, c).
Ap dAng.
N/Ju u =u(x,y), v=Vv(X,y) la cac ham kh[ vi thi
d(u°v)=du°dy; d(uv) = udv ° vdu;
dg“g_vd“—;“dV; df (u) = fi(u)du.. (1.19)
cve v
Céac cong th. c n”y L¥%ng cho u, v I" bi/jn L, ¢ Idp n°n LY%ng cho u, v I bi/jn
ph, thu c.
Vi dA 1.13. Tinh vi phan ¢, ac§c ham s sau
2

i) z :arcsiny?; i) z=arctan (xy?).
GH .
dy20
i) dz = daéy E x| 2xydy-y%dx _y(- ydx+2xdy)

1
= da Y .
éy262 X = \/xz—y"' X |X|\/X
1-27—90
¢ x *
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.. 1 2 1 2
ii) dz=———d(xy°) = dx +2xydy).
) 1+ 052)? (xy©) Ty (y ydy)

1.2.4. nYo ham hams" Xn
a. Khai nilm (*). Chotre ¢cm, th th cgi ahaibiJnxvay:
F(x,y) = 0. (1.20)
NJuv, im igi§tr x, trongm tkhofngnoL-, c- m t(hotcm ts") gi§
tr y, sao cho
F(Xo.Y0) =0
thi ta ndi ring h' th ¢ (1.20) x8 L'nh m t (hokc m t s) ham x n y theo x:
y = y(x) trong kholng bly.
Vdyhams y=f(x) L€ cx§& L'nhm, tc§chXnb ih th c (1.20) nju khi
th]] y =f(x) v'o (1.20), tal'€ ¢ ngnhbitth c: f(x,y(x))=0.

2 2
Vva?-x?% va y:—%\/az—xz,

. X5y - a
Vid, . —=+%-=1, Y -
L2t y= b

x T(-a,a). Tandih th ¢ X Z—Z =1 x8c L' nh 2 ham Xn trong kholng (-a, a).
a’

Khong phli I nao cIng tim L€ ¢ bilu th ¢ t€ ng minh. Ch3ng hin, ta
khong thW gilli x qua yhay y quaxt biWuth ¢ x¥ =y*+1 (x,y >0), mhc dfu
t'ntlim iquanh ham (Xn)t rangbu c nay.

Ham Xnv an-it 1rangbu c, rangbu cc- 2 bijn.

M rng:T. 1(2 3..)rangbu c, c8c rang bu, ¢ ¢- nhiQu bi/n. Ch3ng htn

*H hai phehng trinh

éF(x,y,z,u,v) =0

1.22
:'G(x,y,z,u,v) =0 (1.22)
Njut LOyc- thWgiliral'€ cm, t(hotcm ts ) chp ham
eu = u(x,y,z) (1.23)
iv=v(x,y,2)

x§¢ L'nh trong m t min G E y? n”o L-, sao cho khi thay v'o (1.22) ta nhdn
'€’ ¢ nh_ng L ng nhbit th ¢, thi ta ndi (1.22) xac L'nh m; t (hotc m ts) ctp ham
Xnu,ve a3binxy,z

N6i chung, khi n bi/jn L, ¢ ldp '€ ¢ lien Kt v, i nhau b i m rang bu, ¢
(0 <m<n), thi c6 nhiQu nhblt m bi/jn trong ch¥ng la ham ¢, a c8c bi/jn con IYi.

b. C8ch tnh I 0 ham hamx n

ninh 12 1.7. n'nh IT T n t4i va khT vi ¢, a ham Xn: Xem [1]

Gi['s c8c LiQu ki n ¢, a n'nh I21.7 tho[ mén, thay y = f(x) vao (1.20) thi
F(X,y(x))=0 Vv, im ixL, gfn xq. Lbly LYo ham 2 v/ theo x:

R (X, y(x)) + K (x, y())yi(x) = 0 Y yi(x) = ‘%
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hay vijtg n:

HF
dy(x) _ _ux -
=- . CACHNH ! 1.24
YR ,, (L.24)
Hy

ninh I2 1.8. Cho F(x,y,z) la ham ba bi/n x§c L'nh trén tdp m" G E y?,
(X0,Y0:29) 1 G sao cho F(Xg,Yq,29)=0. Gi[ s ring ham F lién t, c va c6 cac
LY ham riéng Fi, Fj, Fj lién ¢, c tdi 1on cdn (Xq,¥0.Zg). Hhn n a, gil's ring
F(X0,¥0:20) . 0.

KhiL- ' ntli ham Xn z=2z(x,y) tdim tlén cdn ¢ a (xq,Yo), liént, c, kh[
vi lién t, c tdi 16n cdn (Xg,Y,) Va z(Xg,Yo) = Zp-

nW t2nh c8c LYo ham riéng ¢, a z(x,y), ta thay z = z(x,y) vao (1.21):

F(X,y,2(X,y)) =0 v, im i(x)y) trong 10ncdn (Xg,Y,)-

Lbly LYo ham hai v/] theo bifjn x, I i theo bi/jn y ta '€ ¢

EUF WPz _
Tix iz px
T
THy Mz Ly
Do Fj . 0, LiQu nay dXn L/n

HF HF

Bz wx KW CACHNH, ! |(1.25)

wx  HETopy  WF

Hz Hz

Vi dA 1.14. T2nh c8c LYo ham riéng ¢ a ham Xn z =z(x,y) x8c L'nh t

phehng trinh F(x,y,z) =e? +xy +x? +z%-1=0.

cii M- R _y*x pz_ F_ o x
K e?+3z  px K e?+3z
1.2.5. no h'm theo h€, ng - Gradient

BYLZ A I"vecthLhnv U A= (cosa, cosh, cosg),
(a,b, g Ifn 1€ tlagsch pb i A v icSctia Ox, Oy, Oz)

ninh nghja. Cho h™m u(x,y,z) x§ L'nh trong tdp m DEY?,
My (Xg,Yo,20) T D, A =(a,b,c) I" vec th Lhn v . Nju ham m, t bifn

F(t) = u(xy +ta,y, +th,zy + tc)
c- LY ham tdi t=0 thi Fi(0) L€ c g ilalto h'm theo h ang A ¢. a ham
U(x,y2) ti Mo, ki hi u la Bi0:¥0:20) gy, WU(Ho))
H H
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u

Bay gi by ~= u-(1,0,0) I vec th Lhn v ¢a trrc Ox thi
F(t) = u(XO + tvy01zo)a FI(O) = UL((Xo,yo,ZO) . de

nYo h™m theo h€, ng i bing LUo ham riéng theo bi/n x: —ﬂ Ly

Wi px
Tehngt , _bi L
by opk o pzo

*LEuy r%ng t—0UM — M, theo h€ ng A Vdy, Lao h"m theo h€ ng
A biluth t ¢, biJnthiéng ahams theo h€ ngl-.

u

u u d N
ninh nghoa. NJju A khing I” v@c th Lhn v (|*],1),d i 7, :|J§I\—| I” v@c th
Lhnv ¢ a X; LHt Ear:iléj—
R )

Chlng tacé thWt hiliu LYo h™m theo h€ ng trong V2.
ninh IT 1.10. NJu ham s u=u(x,y,z) kh[ vi tdi LiWm My(Xq,Ye,Zo) thi
tdi I'- c- LYo ham theom ih€ ng A va
UU('}I('O) - pu(Mo) cosat pu (M)
uh MX Hy
trongl- a,b, g lagoctiob i A v, ic8ctr, ¢ Ox, Oy, Oz.
Chong minh. Vi u(x,y,z) kKh[ vi tdi My nén
F(t) - F(O) 1
t

cosb + Mcosg (1.29)
Uz

[u(x +tcosa,yq +tcosh,zy +tcosg) - u(xg, yO,zo)]

= I[u;((Mo)tcosa+ uj (M) tcosb +uj (Mg)tcosg

+Ptcosa+Qtcosb+Rtcosg]
trongLl- P, Q,R—0 khit—0.

Qua gi, i hin khi t — 0 ta '€ ¢ Lpcm. Y
Hiqu . 24 = MY

u(=
* Gradient

ninh nghea. Gradient ¢, a ham u tdi Mo I v&c th, ky hi u b’ i E]Hr%u(Mo),
x8c L' nh nh€ sau

ggg%ju(Mo) aUU(Mo) UU(MO) HU(MO)O
g X Hy Hz -

(Gi['s ¢ nHR T n tli)

(1.30)

Hu(Mo) 4, pu(Mo) &

d
Nh€ vdy: Sgr%%u(mo) - HuMo) §,
MX Hy Hz
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HMgut . Cho u(x,y,z) kh[ vi ti Mo(xo,yo,zo). Khi L -

i) Pulo) 38 04

u/\

(ii) _\8%%%u<mo)\ ¢ HUiAO) ¢ \8%%%u(MO)\. (1.31)
Chong minh. A= (cosa, cosb,cosg), (i) tr ctipsuyrat (1.29).

Tanhdn L€ c (i)t ch

d d ggog g ..

Sgg%u(mo)v A= \8?%%u(MO>HA\ cos(grad u(Mp). A). ¥

HM qui . Cho u 1a ham kh[ vi tli M,. Gida tr ¢ c LUi ¢ a LYo ham theo
h€, ng M la
u/\

iadu(Mo)] = (w2 + (W) + ()2

x['y ra khi A cung chiQu v, i a?%u(Mo).
gradu(M,) 1" he ngm™ theo L, tdi My ham s bifjn thién nhanh nhit:

+ Theo h€, ng gradu: H'm ttng nhanh nhblt;
+ Theo h€, ng -a?%u: Ham gifm nhanh nhblt.
NJu u(x,y,z) lanhi tL, ¢ achblt Liwm M(x,y,z) thi:
Khi di chuyWn theo h€ ng a?%u chbit LiWm L/n ch, Bim hhn nhanh nhblt;
Theo h€ ng ng€ c i, s€ L/n ch, 19nh hhn nhanh nhblt.

Vi dA 1.15. Cho ham s* u=x3 +y +7° +3xyz; tinh gradu va —Hr tdi
Mg (L2-1) bifjt A I véc th Lhn v/ ¢, aﬁWV|M1—(201)

8uj, =3x2 +3yz
T N _gdd o, . 2
GHi. juj, =3y” +3zx Y gradu = 3(x" +yz, y* + X, 2° +xy).
T
Fui =327 +3xy

+ gradu(Mg) =3(-1,3,3).

d Yyy _ , N
+ R%%gwf:(l,-z,z)vuﬁ"om:@ 22) .41 2 29
|v|0|v|1 3 §3 3'3¢
d
nutfo) -3 B L vy = 3¢ 3 alead 28,3200
T 3 ¢ 3= 3u
SuyraM ‘ggg%ju(Mo)H"‘ ‘8%%% u(MO)‘:S\/l_9.
|JA
Dblu fi=0 X[y ra khi A= °§¥Uag&u(Mo). #
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Ch, abaitdp (1ti/t) 13(b, c); 24(c); 26(d); 33

b) Thlo ludn -S gi ng, kh&c nhau ¢, a Dx = dx; Dy = dy

- Nhdc IUi c8c ctng th, ¢ vi ph€n ham Xn

-n€aralh mm” bln thach, t2nh 5?%*’& tdi Liwm f ng qust,
tdi LiWim LHe bi t

)T hec - ChuXn b cho bai m i: nYo ham, vi phan cbp cao, CT
Taylor.
d) Bai tdp chuXn | Cac bai tdp con IYi
b t ithiWu
Taili u Tai i u [1],tr ...
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Ch€hng, m, c: 1
Tifjtth :11-15 Tufnth : 3
MAc L2ch, yéu ¢ u:
1 KiWm trakifn th ¢, rén luy n k: ntng t2nh LYo h™'m ri°ng, vi phen, LYo
ham ham Xn, LYo h”m theo h€. ng.
Ndm L€ ¢ nL Schwarz vQ L” ith t Ibly nH khi t2nh nH riéng cblp cao
Thufn th, ¢ t2nh vi phén cblp 2 ¢, a ham 2, 3 bifJn.
Ndm '€ ¢ QT timc ctr ¢ aham 2, 3 biJn. X [T trongtré ngh p LHc
bi t
1 Ndm chdc ph€hng ph8p nhén t Lagrange LW tim CT LiQu ki n
f Tim Iie"_lc GTLN, GTNN ¢ am ts h™m Lhngiln
- Hinh thoc tY choc d' y hic:
Hinhth cch, yfu: LT thuyft, thfo ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t-T. h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
Ch_ abai tdp phfn nYo ham — Vi phan
A1.2 nYo ham - Vi phan
§1.3C ctr
81.4 Giatr LN, NN

= —a _—_a

A1.2. nyO HAM - VI PHAN
1.2.6. nYo ham va vi phan chlp cao

ninh nghea. Gi[' s fi(x,y), fj(x,y) ¥ n tdi trong tdp m DE y?. Nhe
vdy, c§c LYo ham riéng cblp m tlanh nghams’ .

ndo ham riéng ¢ a LYo ham riéng cbp m t, njju £ n tdi, g i 1a v o ham
riéng & p hai. C- 4 LYo ham riéng cblp hai:

wapfg_ pi Wapfo _ pif _
— _":_:fﬂ (X,y), —p—pf=——=f (X’y)’
2 ix By pyux
waufo_ pi wapfo  p’f .
— a0 — _f)u (X1y)l - _"___f (X’y)
uy Eux 2 oy~ Y y By 2 W

C. th/] ta I nh nghoa cho c§c LYo ham riéng cblp cao hhn.
Vi dA 1.16. T2nh cSc Lo ham riéng chip hai ¢, ahams’ z = x%In(x +y).
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2 X2

zj =2XIn(x+y) + X

x+y’ Zy:X+y'
2 2
i = 2IN(x+y)+ — 3x , Zjy = x(x-2y) 2y) Z%:_X—Z' #
(x+y)? (x+y)? (x+y)

ninh 2 1.11 (Schwarz). Njju trong m, t 16n cdn ¢, a Lilm (xq,y,) t n tdi
c§c Lo ham rieng h, n b p fji, (x,y), fji (x,y) V™ c&c Lo ham riéng nay lién t, ¢
tdi (Xq,Yo) thi chling bing nhau tli (x4, Y,):
fiiy (X0, Yo) = Fjix (X0, Vo) - (1.32)
Nh€ vdy, v, i c§ LiQu ki n ¢ a L nh IT, L% ham riéng h, n h' p khng ph,
thu c vao th t Ibly Lo h™m. n'nh [T con L¥%ng cho tr€ ng h p s bin n23
cIng nhe cbip c§c Lo ham riengh nh' p 23.
Viphan @ p cao. Gi['s talatinh L€ cviphon clpm t df =fj dx+ fj dy.
Vi phan ¢, adf - khi coi dx, dy lanh nghings -njut ntli, '€ cg ilavi
phan @ p haic az k2hi u d°f:
d2f = d(df) = d(f dx +f dy). (1.33)
C. nh€ vdy, ta L nh nghea vi phon cblp cao hhn
Cong thoc tnh. Khi x, y 1a nh_ng biJn L c Idp, c8& s gia dx =Dx,
dy =Dy khong ph, thu cvao x, y. Gi[' s  n ti d’f thi
d*f = d(df) = d(f5dx + fydy)
= (fj dx + 1 dy)j dx + (fj dx + fj dy)i dy

= fji (dX)% + (Fj + Fiy Jdxdy + i, (dy)®.
Gil's fj, fji lient c, khiL- ch¥ng bing nhau. Vdy

df = fj, (dx)? + 2fj,dxdy +fj, (dy)*. (1.34)
Cong th ¢ t€ ng tréng
0 2
0% =2 K gy Hayd 1 (1.35)
CHX  py T
T€hng t
~N
df—ae“dx+“dy0 f. (1.36)
T\

X[yractngth ctehngt cho ham nhiQu bi/jn hhn,

0 2
d?f(x,y,z) = gi dx + 2 dy + — a dzo f
cXpy T opz -
2 2
“fdx fHL fdy +17 ];d22+2 Wt dxdy +2-2 dxdz + 25T gyelz.
HX uy Hz MXUYy MXHZ Hypz
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N/u x, y khing la bijn L ¢ Idp thi gi' ng tr€ ng h" p m t biJn, bt bi/n
ding khng con L i v, i vi phon chip cao.

VidA 1.17. Choz lahamc ax,yx8 L'nht X In£+1. Tinh dz,dzz.
z y

GH i. CO thW t2nh c8c Lbo ham riéng 1’ i thay vao cong th c t2nh vi phén.
Song c8ch sau Lhn gi[n hhn. Gi['s yz >0, vi phan 2 v/] ph€hng trinh L4 cho,
ding (1.19) thu L€ c:

zdx - xdz _ yaydz - zdy 0
2 - & 0

Z Zg y +
U yzdx - xydz = yzdz - z2dy =0
-, _ z(ydx + zdy) ,
Ydz=—-—"~ z>0;x | -z *
y(X +2) (y B ) ®)

Vi phan hai vi] (*) I i it g n d¥n LJJn:
2% (ydx - xdy)?
yi(x+2)°
1.2.7. Cong th. ¢ Taylor
ninh 121.12. Gil s ham z =f(x,y) c- c§c LYo ham riéng lién t. ¢ L/n cblp
n+l trong mt e-lan cdn n'o L- c¢a LiWm My(Xg,Yo). Gi[ s
M(xo + DX, y, +Dy) cingthu ¢ e-lan cdn L-. KhiL- x[yral3ng th ¢

d%z=-

1
f(Xo + DX, Yo + Dy) = (X, Yo) + d'f (Xq, Vo) +—d2f<xo,yo) .

d™f (x, +aDx, Y + qDy),

1 n
+md f(xo,yo)+( D)

(0<q<1). (1.37)
Khi dung [Ty th at€ ng treng, ta c- thW vift 1di (1.37) d€ i ding

Jk
TR
F(M) =f(M )+a— Hox+E oy fmy)
VUK oy 0
n+1

1 ayu u
+ —Dx+—=—D f(M 1.38
(n+1)|§|JX uy yO ( 1) ( )

(M, thu, ¢ Lotn MyM,).
hay vi/t phfn d€ ding Peano:

K
1ay H 0
f(M) = f(M, )+a_ £ Dx+-—Dyg f(M,)
kg oy o2 0
n
+a(Dx, Dy).(«/sz + Dy2) (1.39)
Vi lim a(Dx,Dy) =0.

(Dx,Dy)—(0,0)
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nicbi t,v. in=1tal€ ccingth cs giagi in ichoham nhiQu bin

F(M) - f(Mg) = FT M0 p, , WE(MY) 5 (1.40)
X y
M, I LiWm tr°n Lodn thing MM,,.

Chong minh. (Xem [1])

§13.C CTR

1.3.1.C ctr L'aph€hng ¢ aham nhiQu biJn
ninh nghea. z=f(x,y), (x,y) ID E y?, Mg(Xg,Yo) la m t LiWm trong
c.aD.Gi[s Ulam tloncdnl, nh c a M,.
* M TU ma f(M)2f(M,) thi:
M, ¢ ilaLiom cxc tibu ¢, aham f(x,y);
H'm f(x,y) L€ cg ilalv tcye tiou tdi My,
f(Mg) g ilagiatrlcyc tiou.
*Tehngt v ic cLyi

niWm ¢ c tiWu, ¢ c LYi g i chung la Liém cxc trl; gia tr ¢ c LUi, gistr ¢ ¢
tiWu g i chung la cxc trl.

Hinh 1.8. Cxc trll Lfla ph. _ ng cva ham 2 biAn
VidA1.18. Xétc ctr hams z=x2+2x+y% -4y +7.
G.z=(x+1)%+(y-2)2+222. Dhubing LUt L€ ¢ U x=-1,y=2. Vdy
(-1,2) I"Wm c ctiWuc ahams Lacho, zor =2(-1,2) =2. #
ninh I2 1.13 (niZu kiMn ¢ n cva cxc trl). Gil's ham's’ z=f(x,y) LUtc ¢

1l My (Xo,Yo), va tli L+ n tli c8c Lo ham rieng KT(Mo) H(Mo) "y
X y

uf (Mg) _ if(Mg) _
(208 Hy

(1.41)
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Cha y. * niQu ng€ c 1% khing L¥%ng. C, thW la: C6 thW tdi (xq,Y,), Cf hai
LYo ham riéng tri t tiéu (fj =fj =0), nhéng h"m s* khing Lt ¢ ¢ tr tdi
(X0, Yo) -

*Tach vi ctimc ctr tdinh ng LiWm tdiL-:

N E:E:o; iim d. ng } Lidm tai ' n (nghing CT).

X Hy
+ Holc $ it nhbit m t trong c8c LYo ham riéng

ninh 12 1.14 (niZu kiMn Lv cva cxc trf). Cho D la m, t tdp m ¢ ay? Gil
s ham hai bin z=f(x,y), (x,y) ID c- c& LYo ham riéng chlp hai lién t c
trongm tléncdnnoL- ¢ aliWmd ng (xq,Y,) I D. Coivi phan cbp hai

W (X0 Yo) 2

2 2
de(XO’yO) — H f(XOZ’yO) dXZ +2 H f(XO’yO) dXdy+ .

HX HXHy Ky
la ding to"n ph€hng ¢, a c8c bi/jn dx, dy.

i) NJu df(x,,Y,) x& L' nh deéhng thi f Lt ¢ c tiWu tdi M.

i) NJJu d?f(x,,Y,) X§c L'nhem thi fLUtc cLditdi M.

iii) NJu d?f(x,,Y,) L idblu thi My khing I" Liwmc ctr.

L. uy. NJu d?f(x,,y,) suy bin (' n tli dx, dy khing " ng th ibing O LW
d?f(Xg,Yg.Zo) =0) thi chea c- kit ludn.

Chong minh (¢&x). (Xem tai li u [1])
Nhon x@t. nHt

A= WMo o 1*F(Mg) - _ u*f(My)
ux? My py®
D=B?-AC. (1.42)

) . 2 . eA By
Ma trdn ¢, a ding to'n phehng d*f(x,,y,) la SB CH-

~ T. ndis" tuy]n t2nh ta b/t ring ding to'n phehng x&c L' nh dehng khi v°
ch” khi tbit c[ c&c L' nh th. ¢ con chznh ¢, a n- dehng; x§c L' nh @m khi va ch” khi
c§c L'nhth cconchnh L idblu, I'nhth ¢ conchnhth nhbitem. T L-

ninh IT 1.14'. Gi[ s x['y ra cac gil thit . a n'nh IT 1.14. Khi L-
i)NJuD<0; A>0 (UC>0) thifLitc ctilu tdi M,.
i) NJu D<0; A<0 (UC>0) thi fLltc cLbitdi M,.
iii) NJu D>0 thi My khng " LiWmc ctr.
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(b)

Hinh 1.9. ni®m yén ngxa
L uy. Khi D=0, ch€ac- kit ludn: Ham f c6 thW LUt, cTng c- thW khng
Litc ctr thi M.
ni tin Fi, ngéitagilim My tr€ ng b p iii) 12 Lidm yén ngxa
(saddle point) (xem Hinh 1.9a, b), du ring th ¢ ra tinh hu" ng nh€ * Hinh 1.9a
m, iL8ng g il nhe th].
T ngqustchotré ngh ps binl nhhn2.

ninh 12 1.15. Cho D lam ttdp m' trong y3. Gil s ham z=f(x, y,2),
(x,y,z) TD c- c8 LYo ham riéng cbp hai lién t c trongm tloncdnn"oL- ¢ a
LiWm d ng My(Xq,Y0.20) T D, tHi L-

uf(Xo.¥0.20) _Uf(X0.¥0.20) _ Uf(X0.¥0.20) - 0.
M X Ly Hz
Xét ding to"n phehng ¢, a c8c bi/jn dx, dy, dz

(1.43)

. )
df(Xg,Yo,Z =4 H gy Mgy + Hgz2 £(x Yo:2Zp) -
(X0.Y0:20) 2 uyyuzg(oyOO)
Khi L-,
NAu d?f(Xq,Yg.2o) X8¢ L' nh dehng thi (Xq,Ye.2o) I Lilim ¢ c tilu;
NAu d2f(Xq,Yo.Zo) X§c L nhem thi (xq,Yg.2o) I LiWm ¢ c LUi;
N/u dzf(xo,yo,zo) khing x§c L' nh thi (Xq,Yq,20) khing I" Liim ¢ ¢
tr.
VidA 1.19. Xétc ctr ¢ ahams z=x>+y° -3xy.
87, =3x?-3y=0_ &
aii Ik TS
T2, =3y"-3x=0 1

M, (0,0 )
0(0.0) I c§c LiWm d ng.
M; (L1
Zjx = 6X; Zjy = -3; Zjy = 6y.
+T4i Mg:A=0; B=-3; C=0Y D=9>0:Khinglltc ctr.
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+T4i M;: A=6; B=-3; C=6Y D=9-36=-25<0.

Vdy M, I" Lilm ¢ ctiWuc az (zLUtc ctiutdiM,), zor =2z(L1) =5.#
2 2

VidA 1.20. Timc ctr ¢ ahams u=x+l +Z +2 (X,y,2>0).
4x 'y z
Gii.niWmd ngg ahams x8Ll'nht h
¢ y2
TUj =]1-——=
T x 4x?
Y 2 2 "
%g, =L _Z =00 MEZ 118 (Ciim d. ng duy nhét).
T 2X y 92 +
T2z 2
TUk:—Z——ZZO
Ty z
uii —y_z Ui —_L Ui —0 ui —L+E Ui —_E Ui :g+i
kx X31 ky 2X2’ kz 1 Uy 2% y e 74 y2’ bz y 73

T2nh c§c LYo ham riéng chlp hai nay tdi M, dxn Ln
d?u(M) = 4dx? + 3dy? + 6dz? - 4dxdy - 4dydz .
nOy I ding to'n phehng ¢ a c8c bi/n dx, dy, dz. Ma trdn ¢, a ding toan

ed -2 Og
ph€hng n"yI"A:S—Z 3 —23.
60 -2 6)
X@t c§c I'nh th cconchnh ¢ an-,
4 -2 0
A =4>0, Azz‘_; _2‘:8>0, As=|-2 3 -2/=32>0.
0 -2 6

Vdy A 1a ma trdn x§c I'nh déhng, t L- d?u(M) x&c L nh dehng.
(nWch ngt tnh x8c ' nh déhng ¢, a d?u(M) ta con co thi d%ng cSch sh
cblp hhn sau Loy :
d?u(M) = 4dx? + 3dy? + 6dz? - 4dxdy - 4dydz
= 4(dx? - 2.%dxdy + %dyZ) +2(dy? - 2dydz + dz2) + 4dz2

- 4%dx - %dygz +2(dy - dz)? + 4dz% > 0))
Vivdyh'muLltc ctilu tdi M, ucr =u(M) = 4. #
1.3.2. Gia tr | nnhblt - gia tr nh, nhbitc, ahams’
ninh nghga. Cho ham s™ f(x,y), (x,y) I D E y2.
Nju f(M) ¢ f(My), "M 1TD, gia tr A=f(Mg) L€ c g ilagiatrl lan
nin t (GTLN) - hay cxc ¥ i toan cAc - ¢, a ham f trén D.
Tehng t , ta L' nh nghoa gia trM nhY nh t (GTNN) - hay cxc tiéu toan cAc.
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Khi Latim L€ ¢ c§c Liwm ¢ ctr (I'a ph€hng), ta cfn lam thém cac Ii ludn
ph, LW kiWm tra xem Lbly c- ph[i I Lilim ¢ ctr toan ¢, ¢ hay kh1ng.

Tr. yng hup 1: mizn L-ng, giai nii

Chuing ta bift ring, nJu ham f lién t, ¢ trén miQn L-ng, gi. i n i D thi Lt
GTLN - GTNN tren L-.

Vdy nu GTLN (GTNN) LUt t4i m, t LiWm trong c, a D thi LiWm trong L-
phli I” LiWm t i hUn. Clng c- thW GTLN-GTNN LYt L€ c trén bién. D¥n L/n quy
tdc sau.

Quy tac (Tim GTLN - GTNN trén mizn L-ng, giai nii)

1 Tim nh_ng Lilm t i h4n béntrongc aD: My,...,My;

 Tim nh_ ng LiWm t i hUn trén bién ¢, a D: Ny,...,Na

 Tinh gidatr hams™ tdi c§c LiWm nay: f(M,);...; F(My); F(Ny);...; F(NA);
1 Kt ludn: GTLN - GTNN ¢, a ham la Max, Min cac gia tr nhdn L€ c.

Ny M

Ny

Hinh 1.10. C8c LiOm tai v n bén trong va trén bién cva mizn L-ng, giai nii
Tr. yng hup 2: mizn khtng giai nii
Céc nhdn x@t sau la co ich trongm ts tré ngh p:

+ $(X0,Yp): lim  z(x,y)=+a:Hams khing LYt GTLN;
(x.y) — (x0.Yo)

+ $(Xg,Y0): lim  z(x,y)=-%=:Hams khingLit GTNN.
(le)_(XOlyO)

(Ch" cfn (X,y) — (Xq,Y,) theom tL€ ngcong(L)noL-).

+ z(z,y) lién t c trén v?, (Xg:Yp) I LiWm d ng duy nhbt,
2(x,y) — +a khi 4/x%+y® — & (X,Y,) I Lilim ¢ c tiliu.

VidA 1.21. Tim GTLN - GTNN ¢, aham s’

z= x2y+xy2 -3xy trongmiQn D={0¢x¢ 2, 0Cy¢ 2}.

G i.

§zj = 2xy+y? -3y =0

%zi =x2+2xy-3x=0

Tuy nhién ch’ c- Liwm M, (1,2) I" LiWm trong ¢, a D, z(1,2) = -1.

Y M;(L1), M,(0,0), M5(3,0), M,(0,3).
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*y=0, xI[0,2]Y z=0.
*y=2 xT[0,2]Y z2=2x?-2x, zi=4x-2;
1 41 1
Zi=0thi x==, zo—5=-—, z(2) =4, z(0)=0.
! 2" 820772 @) ©

Vai tro x, y nh€ nhau, so s§nh m i gi§ tr L' tinh, ta thbly:

Maxz = Max{-1, 0, 4} =4, LGt '€ ctli (2,2).

Minz = Min{-1, 0, 4} = -1, Lt 1'€" ¢ tdi (1,1). #
VidA 1.22.Ch ngt ringhams’

f(x,y)=x*(L+y) +y*

¢6 m, t LiWm d. ng duy nhbit, cTng I LiWm ¢ c tilu I"a phehng, nhéng h™m s
khing LUt L€ cgi§ tr nh nhblt.

GHi.H f,=f,=0Y x=y=0,vdy(0,0)I" LiWm d ng duy nhbi.

f(x,y)-f(0.00=x*(L+y)’+y* 20, "x va "'y 2 -1.
Vdy (0,0) I'" LiWm ¢ c tiWu L a ph€hng.

es 5 g
Mht kh§c, lim f(x,x)= lim x° é§1+18 +1l] =-o
X —-o X —-o aCX T Xy
g g
nén f khong c6 GTNN. R rang ham f cing khing c- GTLN. #

1.33.C ctr c- LiQuki n

Bai toanl. Timc ctr ¢ aham u=f(x,y,z) v, i LiQu ki n F(x,y,z) =0.

Cach 1. T LiQuki n F(x,y,z) =0gilira z=2z(x,y), th]v o h"mL&cho ta
'€ ¢ u=F(x,y,z(x,y)): Baitoan ¢ ctr v, i ham hai biJjn L& bi/t.

Phli leu y giatr h"m thu L€ c trén bién ¢ atdp x8c L' nh (m, i).

- Timcctr cahams z=-6x+2xy?>+1 v i LiQu ki n
X+ 2y2 =2.

GHi. T. LiQuki nnhdnthi 2y?=2-x20VY x ¢ 2.

Z=-6x+Xx(2-x)+1= -x% - 4x +1.

Zi=-2x-4, zi=0U x = -2.

X -a -2 2
z + 0
5
Z L @)
- -11
y °n o\/E 0

Nhe vdyc cLdiLiQuki nl"5, LUt L€ ctli (-2, °/2);
C ctiWu LiQu ki nla-11, LUt 1€ c tli (2, 0).
31



Céch 2 (Ph. _ ng ph8p nhOn to Lagrange)
i) Ldp ham Lagrange F(x,y,z, 1) =f(x,y,z) + IF(X,y,2).
ii) Ta tim cac Lim d ng (th*ng th€ ng) ¢ a ham 4 bi/n nay.
F;(:F'g,:F'k:Fi, =0 hay
efi(x,y,2) + IR (x,y,2) =0
1:‘f§,(x,y,z) +1F(x,y,2) =0
fi(x,y,2) +IFj(x,y,2) =0
tFixy.2)=0
iii) T LOytatnh L€ ¢ I; va Ni(X;,Y;,z;). C8& Liim N;(x;,y;,z;) g ila
cac Liom nghi ngy cxc trll LiZu kiMn.
iv) Coi I ¢ L'nh, Idp ham 3 bi/n x, y,z

(1.44)

Fi(x,y,2) =f(x,y,2) + IF(X,y,2). (1.45)
Tinh vi phén cbip hai ¢, a ham nay:

d?F(x,y,2z) = d?f(x,y,2) + 1d2F(X,Y,2). (1.46)
v) Thay I =13, (X,y,2) = (X;,Y;,z;) vadx, dy, dz th aman LiQu ki n

dF(N;) = Fi (N;) dx + Fj (N;)dy + Fj (N;)dz =0. (1.47)

vao billu th ¢ ¢, a d°Fy(x,y,z) * (146) ta L€ ¢ d’Fy (N;), 1a m tding toan
ph€hng ¢, a 2 trong 3 bi/jn dx, dy, dz.
vi) K/t ludn:
*d?Fy (N;) >0 Y Ni(x;,y;,2;) 7 Liim ¢ c tillu LiQu ki n.
* d?Fy (N) <OV Ni(x;,y;,2;) " Lilim ¢, ¢ Li LiQu ki n.
*dF . (N;) khing x§c L'nh ¥ N;(x;,y;,2;) khing I” Liim CTnK.

* Khi cfn tim GTLN-GTNN LiQu ki n, nfju tdp {(x,y,2): F(x,y,z) = 0}

I compact (L-ng v"" gi. in i), khing cfnth ¢ hi n b€ civ - vi, ch’” cfn so s§nh
giatr ¢, aham f(x,y,z) tdi c8c Lilm nghing ¢ ctr LiQuki n N;(X;,Y;,z;)-

Baitoan 2. Timc ctr ¢ aham z=f(x,y) v. i LiQu ki nF(x,y) = 0.

Tehngt BT 1, (m tch¥tthayl” i vQ KT hi u).

C8c b”i to§n tren '€ ¢ f ng qust sang tré ng h' p ¢- nhiQu bin hhn, v"
(hotc) c- nhiQu rang bu ¢ hhn.

Bai toan3. Timc ctr ¢, aham u=f(x,y,z) v, i hairang bu ¢

?G(X’y’z) -0 (1.48)
iH(x,y,2)=0
tati/jn h"nh tehngt Baitoan 1, ¢, thWnh€ sau.
i) Ldp ham Lagrange ¢, a 5 bi/Jn
F(x,y,z,I,m) =f(x,y,z) + IF(x,y,z) + mG(X,Y,2). (1.49)
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i) Tim LiWm d. ng ¢, aham Fth aman Fj =F| =F} = Fy = Fj, =0:

efi(x,y,2) + IR (X, y,2) +mGj (x,y,2) =0
1'\f§',(x,y,z) +1F(x,y,2) +mGj (x,y,2) =0

{fi(x,y,z)+ IR (X,y,2) +mGj (X,y,2) =0 (1.50)
,:\ F(x,y,2)=0
T G(x,y,2)=0

iii) Gilira I,, m, v c§ LiWm nghing ¢ ctr LiQuki n N;(X;,Y;,zj).
iv) Coi I, m ¢ L'nh, Idp ham babi/jn x, y, z
Fin(X,y,2) =f(X,y,2) + IF(X,y,2) + mG(X, Y, z).
Tinh vi phan cbp hai ¢, a ham nay
02F 1 (%, Y,2) = d2F(x,y,2) + 1d%F(x,y,2) +md?G(x,y,z) (1.51)
v) Thay I =1, m=m;; (X,y,2) =(X;,Y;,Z;), vadx, dy, dz th, a mén:
§dF(N;) = R (N dx + Ry (N;)dy + Fj(N;)dz =0

l | | | (1.52)
TAdG(N;) = G (N;)dx + Gi,(N;)dy + G} (N;)dz =0

vao bilu th ¢ ¢ a d°Fy,(x,y,2) © (151) ta L€ ¢ d*Fy, (N;) 1a ding toan
ph€hng ¢, am, t trong 3 bi/jn dx, dy, dz.
vi) K/t ludn téhng t nh€ L4 lam® Baitoan 1.
VidA1.24. Timc ctr LiQuki ng ac§chams v iLiQuki nch'ra“ bén
) Z=Xx+Yy, X2 +y? =1

2 2 2
—+—+—=1 (a>b>c).
a’® b ¢

. X
i) u:x2+y2+22,

|<

GHi. i) Nt F(x,y, 1) =x+y+1(x?+y?-1)
€Fj =1+2Ix=0
1F=1+2ly=0
%F'.:x2+y2 -1=0
|2:1/2L’J 1,=1/42, |2:-1/I LiWm d ng LiQu ki n tehng
.Nngla (Xg,y)= ae\/— \;_;va( 2,Y2) = \/— Tg
nit F,(x,y):x+y+l(x +y ).
dFp(x,y) =...; d?Fp(x,y) = 1(dx? +dy?).
dx, dy: d(x?+y? —1):Odex+ydy:O.
10

T(lel) ae\/— 50
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dx, dy: - —dy=0Udy=-dx.
5%

d*Fy, (X0, y1) =T(dx2 +dx?)=2dx% >0 (dx . 0).

Vdy g\/l \;_0 lac c tiliu LiQu ki n (CTNK), Zetnk= z(xq,y;) = -2 -

. a-1

*\Lllzl——lthhngttren (X2,Y5) = I" LiWm c ¢

2= 2:Y2 ae\f [o
LUi CiQu ki nva z(X,,y,) =+/2.

N/u ch’ cfn tim GTLN - GTNN LiQu ki n, vi L€ ng tron x2+y? =1 Ia
L-ng v gi in inén sau khitim '€ ¢ c8c gi§ tr 1o, (X1, ¥1)s (X2,Y,) tath ¢
hi n nh€ sau:

f (X, ¥1) =2, F(X5,Y,) = V2,
GTLN nK=Max(~/2,-~/2) =2,

GTNN nK =Min(~/2,-+/2) = /2.
2 2 2
X Yy

a2 b2

i) it F(x,y,z, 1) =x2+y? +z% +1 -1

OaB Qe
o |N
N
-1-aD: O

EFj =2x+2Ix/a%=0
]
TF, =2x+2ly/b* =0
1
,:\F'k:2x+2Iz/c2:0

ex =0 ey=0 ez=0
T 3phehngtrinh [Futal€ cg 5 e

sl =-a b2’e|:-c2'
1=1,=-c* Y M;,=(0,0, °c),
1=1,=-b* Y M, =(0,°b,0),
1=1;=-a* Y Mgq=(°a,0,0).

X2

_+y_+z__1

*nit Fy(x,y,2) =x*+y> +2° + 1 7t
a

Oam Qe
O
-1-aD: O

a dx?2 2 2§
0%F | (x,y,2) = ... = 2dx? + 2dy? + 2dz% + 2|§d;<2 . d;/2 dC22 :
¢ :

= 20814 'ngx +&1+|8dy i1 204,20
¢¢ a ¢ b? ¢ ¢ =
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X8c I'nh dx, dy, dzt rang bu, c:

ax2 y2 22 0 xdx ydy zdzg
dF(x,y,z):d%a—2+z —-18_2a X 23:0 *)

2 Y ¢a® p* ¢
+T4i 1=1;=-c® vda M=My,, rang by, ¢ (*) tr thanh

ZCd—Z-O hay dz=0.
c?

. ) . 43 _¢?206 , & -c?0 ,0
KhiL- d“F (0,0, c)=2§g1+—2()dx +al+—-ody 8>O.
¢ a = ¢ b+ 2

Vdy (0,0, °c) I LiWm ¢ c tilu LiQu ki nva z(0, 0, °c) =c2.
* L'mtehng t ,suyra (°a, 0,0) I Lilm CnnK va z(°a, 0, 0) =a°.
*V.il=1,=-b% M=M;,=(0,°b,0),tehngt trén, phfic- dy=0.

2 43 _p20 4 -p?0
Yd F|2(0,°b,0) 2§§1+—8dx +§l+—8d2
¢

IOOOI

Vi a>b>c n°n LGy I ding to™n phehng kh1ng x§c L'nh. Vdy ham s’
khong c6 ¢ c tilu LiQu ki‘ n tdi LiWm nay. #
Ch aBaitdp 35(1, J, k, 1); 36(e)
nS. 35. 1) (6,3) is maximum, (0,0) is saddle;
J) (31 is asaddle point, (-1,1) is minimum;

k) (0,0) is minimum, g : 00 (1,°4) are saddle points;
9

1) (°2,2) are minima, aeo %0 is a saddle point.

36 &) minimum f( (( I))_-s, (0,0) is a saddle;

b) Thlo ludn - Nhdc 14i vQ vi phén chip 2 ¢ aham 2, 3 bi/n
-Quytdctnh ¢ ctr ¢ aham 2 bif]n

0T hec -
ChuXn b" cho bai m, i:

d) Bai tdp chuxn | Cac bai tdp con IUi
b t ithilu

Tai li u Tai i u [1], tr ...
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Chehng, m c:1
Ti/tth :16-20 Tufnth : 4
MAc L2ch, yéu ¢ u:
1 Kij tra ki/jn th C, ren Iuj nk: nLng t2nh Llo h'am riéng chlp cao,“vi ph@n
chlp cao, timc ctr,c ctr c- LiQu ki nvagiatr |, nnhtlt, nh, nhbit ¢ a
ham s
1 Ndm L€ ckh§ini mL cong, b8n k2nh cong, tém cong
' Ph€hng trinh ti/Jp tuyjn nC
1 PT phép di n, ph8p tuy/n ¢, a mht cong

1 Y ngheac, avéc th 8?219&

- Hinh thoc tY choc & y hic:

Hinh th ¢ ch y/u: LT thuyft, th{o ludn-t h c,t nghiénc u
- Thyi gian:

Ly thuy/t, th[o ludn: 5t- T h ¢, t nghiénc u: 5t
- nfla Lidm:

Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:

Ch_abai tdp phfn ndo ham — ViphanvaC ctr, GTLN, NN

A1.5Sh I€ ¢ vQhinh h ¢ vi phtn

* Ch, a bai tdp (2 tift)
36(f, g, h, i, j, k); 37(c, d, e, T); 40(d, e, T);
nS. 36. f) minimum f(-1,-2,3) = -24; g) maximum z(0;1) =p/2+1;
h) minimum z(1,1) = z(-1,-1) = -2, (0,0) is a saddle.
i) minimum z(1,-1) =3; j) (1,0) is a saddle;
K) maximum zaO, 38 = i, (0,0) is a saddle.
¢ 3+ 27
40. d) Minu=u(°10,0)=1, Maxu=u(0,0,°2)=4;
e) Minu=u(-1,0,1) =0;
f) Maxu =u(2,2,-1) =9, Minu=u(-2,-2,1) =-9.
A15.Su LK CViHINHH CVIPHAN
Hinh h ¢ vi phon: D%ng c8c ph€hng ph8p ¢. a ph@p t2nh vi phon LW nghién
¢ uhinhh c.
1.5.1. n€ ng cong ph3ing
a. Tilp tuyAn, ph8p tuyAn., ph  thing ch¥ng ta bi/Jt ring, nju '€ ng cong
CI"L th ¢caham s y=f(x) thi phehng trinh tifp tuyIn tdi LiWm
My (Xo, Yo) (Yo =F(Xg)) trenLi€ ng cong la

y =fi(Xg) (X = Xg) + Yo
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Baygi gi[s '€ ngcong C c- phehng trinh tham s
éx = x(t)
iy =y

n_yng cong tr_n:

x(t), y(t) kh[ vi lién t, c trén [a, b], xi?(t) +yi?(t) . 0 "'t

atctehb, x),y)laliént c.

NJu tdi LiWm ty T[a, b] n"o L- m™ Xi(ty) = yi(ty) =0 thi LiWm tehng . ng
My (X(to), Y(tg)) trén C g i la Liom k8 dil. Ching ta khing x8t tré ng h' p L'€ ng

cong c- Lilm ks d .

Bay gi Ibly t, I[a,b] va gi[ s LiWm tehng . ng tr°n L€ ng cong la

Mo(Xo,Yo)  Talabifth s g-cc atip tuyn tdi My 13 k =yj :M. Vdy

Xi(to)

ph€hng trinh ti/Jp tuy/n c- ding y -y, = yi_goi (X - Xg) hay
Xl 0

X-Xo_Y~Y¥o
Xi(to)  Yilt)
V@c th ch” phehng ¢, a tifJp tuy/n la
t(ty) = (Xi(to), Yi(t)) -
Suy ra ph€hng trinh phap tuy/n:
Xi(tg)(X = Xg) *+Yi(to)(y - Yo) =0 (1.54)
b. ni cong
T ninh ngha Lt cong cva L. yng cong ¢ i 1 LiOm (xem [1])
1 C8chtnh Li cong
+ n€ ng cong cho d€ idlng phehng trinh y =f(x) thi
i
1+yi2)¥?
+n€ ng cong cho d€ idlng tham s™ x = x(t), y = y(t) thi
_ |xiyii - xiyil
K= W (1.56)

C. N yng tron mot tiAp

(1.53)

(1.55)

Cho tr€ ¢ LiWm M tr°n '€ ng cong. NhiQu khi cfFn phli xblp x” '€ ng cong

tdi 1on cdn LiWm M bing m t cung tron nao L-. né€ ng tron ch a cung tron L -
phi tifJp x%c v, i L€ ng cong tli M, c- cing bQ Idm v, i '€ ng cong v~ ¢c- L,

cong bing L, cong ¢ a '€ ng cong tdi M (Hinh 1.14). n€ ng tron L- ¢ i 1

I yng tron mot tidp (con g i la L yng tron chinh khic) v, i '€ ng cong tdi M.
Ban kinh ¢ a '€ ng tron mdt tiflp g i la ban kinh cong, tam ¢, a L€ ng tron
mdt ti/Jp g ilatam cong ¢ al'€ ng cong (tli LiWm M).
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M

Hinh 1.14. n_yng tron mot tidp, tom cong, b8§n k2nh cong
d. Ban kinh cong
Theo trén, ban kinh cong bing ngh ch L[o ¢ al, cong. oy,
N/u '€ ng cong cho d€ i ding phehng trinh y =f(x) - tehng _ ng phehng
trinh tham s~ - thi ban kinh cong '€’ ¢ nh IFn I€ t theo ctng th c:

.2:\3/2
R = M 1 (1.57)
il
.2 .2\3/2
R = M (1.58)
|Xiyii = Xiyi|

e. TZa Li tOm cong.

L. uy. Ng€ itaclngc- ctngth ct2nh L, cong, b&n k2nh cong cho tr€ ng
h pL€ ngcongchode idingt al, ¢ c.

f. Tac bA, thon khai

X6t '€ ng cong ph3ng C. M. i LiWm M tr°n C ¢c- tehng_ ng m t tom cong
l.Qu:tch Lc§ctémcong I ¢ al€ ngcongC g il L€ ngticbAc aC,conC
g ilathan khai cul L (xem Hinh 1.15.)

N/u C cho b‘“ i phehng trinh y = f(x) hay ph€hng trinh tham s~ thi ph€hng
trinh tic b/] d€ i ding thams™ Ifn 1€ t1a

& &
2
2 4 6
L
=2
~ N
Hinh 1.15. n_yng thOn khai Cv" L yng t/ic bA L
%X =X - (1+ ylz)yI
i y; (tham s” x hotc y) (1.61)
’|‘Y _ 1+yj
Ty
I

Yi

N0



g =x - LYY
1 'Z” 2”y' (tham s’ 1) (1.62)
T, _ o (Xi®+yi%)xi
Yo=Y t——
| Xiyi = Xiyi

Vi dAL1.57. Tim '€ ng tVic b/ ¢, a parabole y? = 2px (p > 0).
GPi.Rorang 1a x20,taco y=./2p/x.

. /p . \P 5 .
Vi yj=,|—, Vi=-—=——, thayvao (1.61) nhdn L€ ctlcb
4 2X yi 2+/2XA/X Y ( ) e bl
I 2

,'e'\X:3X+p %X:BZL+p
N L
- 2
p

—\—) —f—

3
P
(xem Hinh 1.14 khi p = 2). #

1.5.2. n€ ng cong trong khng gian

a.H " mvect cvalXisXvth ang

ninh nghoa. Njju v, im i tT[a, b] c- tthng_ngv, i m tvlc th V= (wl(t)
thi ta n6i, talAco m th'mvect cal'is vihe ngt KI hiu V= v(t),
t I[a, b].

C8& vBc th n-i LJn" L'nh nghoa I vBc th t do. Ta c- thW L'€a ch¥ng vQ
cingg clag ct al, O bing c8ch LAt B = \uf(t). Ky hi u

F(t) = O
g ilah"mb8n knhvect ¢ aLliWm M.
T. LOy, tach’ cfn x8t h"m b&n k2nh véc th T = F(t).
NJjuMc-t al (x,y,2)thi
X =X(t), y=y(t), z=2z(t) (1.63)
P=x(t)i+y(t) j+z(t)k. (1.64)

Khi t bi/]n tohién t al/nb, LiWm M vich n°n '€ ng cong C n"o L- trong
khing gian. CL€ cgilatXcLQg ah'mvecth F=F(t). H (1.63)L€ cgila
ph._ng trinhthamsX ¢ aC, (1.64) g ilaph _ngtrinhvéct c aC.

Sx lién thc. H'm vBc th F=TF(t) L€ ¢ g i la lien tAc nju c§ ham
x(t), y(t), z(t) lanh ng ham lién t, c. Khi L- L€ ngcong CL€ cg ilaL yng
cong lién tAc.

SX ki vi. H'm v@c th ¥ =F(t) g i la kte vi tdi LiWm t, nju c& ham
x(t), y(t), z(t) la kh[ vitli ty; g i laki vitrong kha' ng (a, b) nju n- Kh[ vi
tdim iLivm tT(a, b).

foham ¢ ah'mvec th F=F(t), ky hi ub i ¥i=Fi(t) tinh theo cdng

th ¢
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Fi = Fi(t) = xi()§ +yi(t) j + zi() k. (1.65)

N/u c§c ham x(t), y(t), z(t) 1a kh[ vi trong kho['ng (a, b) thi '€ ng cong
Cg ilaL yngcongtr n. Taclngch” x8ttr€ ngh p L€ ng cong khing c- Liem
n t th yng, nghoa la ch” x@ttr€ ngh p
Xi? (t) +yi? (t) + zi%(t) . 0, "'t.
N/u L€ ng cong C lién t, ¢, c- thW phén thanh m, ts” h_u hln cung trhn thi
CL€ cg ilatr ntpng kh¥c (xem Hinh 1.16).
L uy. nWL€ ng Ctrhnt ng khtc, tr€ chfjtn- phliliént c.

Hinh 1.16. n_yng cong tr_n tpng kh¥c
Y nghoa cva véc t LU 0 ham
* Y nghea hinh hZc. V@c th LYo ham ¢ a h™m v@c th trong phehng v, i
phehng ¢ atifptuyng at ¢’ ¢ ah"m vec th tdi Liwm tehng . ng.
* Y nghga ¢ hZc. Khi coi tlatham s™ th igian, [, daic a v@c th LUo ham
¥i = ¥i(t) ¢, ah”™m bsn kznh vec th tdi th i LiWm tbing f c L, ¢ aLiWm M tdith i
LiWm L- v L€ ¢ tnh theo ctngth ¢
dU
d—: = V(1) = X2 () + yi2 (1) + Z2(1) .
b. Ph_ ng trinh tidp tuyAn va phép tuyAn cva L yng cong
Nh€ L'& néi, véc th ch” phehng ¢, atifJp tuyn la
=R =xi®)i +vyi) j+ziOk.
Vdy, phehng trinh tifJp tuy/n tdi Lilm Mg (Xg,Yq.20) tren L€ ng cong . ng
Vv, igi§tr tyc athams la:
X_XO:y_yO:Z:ZO (1.67)
Xi(to)  Yito)  zi(to)
(quy € ckhim¥us bing0thit s clngvdy), v ph€hng trinh mHt ph3ng ph§p
v, i L€ ngcong tdi M, la:
Xi(tg)(X = Xq) +Yi(to)(y - ¥o) *+Zi(t)(z - Z5) = 0.
V. i 911 = xii(t)? +Vii(t) j + zii(t)l\é , LRt
. I 4 I R R T *
%: Ngri=|xi yi zif=xit) vyit) zi(t)],
Xi i zi| [Xi(t) yi(t) zi(t)

(1.66)

(1.68)
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cCc
O¢c

(C

M t
Chuxn h-a c§c véc th B, T,K tal'€ ¢
d
n

(38518

MHit ph3ng qua My,

+ C6 chip véc th ch” phehng ¥, i (vec th phspb) g i 1a mIt phAng mot tidp;
+ C6 chp vec th ch” phehng , b (v@c th ph8p 1) g i la m'lt phAng ph8p;

+ C6 chp vec th ch” phehng b, 1 (vlc th ph8pn ) g i la m'lt phAng trxc L c.

C8c v@c th Lhn v % E') U v, i c& mht ph3ng v. a néu g i la tam diln
Frénet.

V. i L€ ng cong trong khing gian, ng€ i ta cing x@t L, cong, b&n k2nh
cong, hhnn al xodn; tuy nhién ching ta khéng trinh bay* LOy.

Vi dA 1.58. Tim céc véc th % E') H cal€ nglinh ctr laqu:Lioc a
m tLiWm M v, a quay LQu xung quanh m ttr, cdv ivdnt cg-ckhingl i w,
v.atnhtijnd ctheotr, cL- v ivdnt ckhing L iC.

GHi. Ldp h tr,. ¢ Oxyz (xem Hinh 1.17). Chiu M xu” ng mit Oxy L'€ ¢
Lim Mi g i q lagéch pb it cOxv i OMi. Theo gil thift g=wt, t L-
ph€hng trinh tham s* ¢ a chuyn L, ng la

X =acoswt, y=asinwt, z=Ct (t20).

T2nhc§c Lloh™ mtal'€ ¢

Xj = -awsinwt, yj=awcoswt, zj=C;

xii = -aw? coswt, yii = -aw’sinwt, zji = 0.

T L-nhdnL€ c

u u u
i j k

g: -awsinwt  awcoswt  C

—aw?coswt -aw’sinwt 0

= Caw? sinwt i - Caw?coswt j +a2w?K,

ﬁ = %@%ﬂ = —aw?(C? +aw?)coswt i - aw?(C? + a2w2)sinwt(1j.

Vdy c§c vec th Lhn v cfn tim la
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% * —awsmwtd awcoswt G C ﬂ

T it ,
ﬁj +C2 \/a 2+C2 " Ja2w? +C2
:§: Csinwt ¢ -Ccoswt (Ji+ aw ﬂ
B m \/a2w2+C2 Ja?w? +c?

d
% coswt | +sinwt j.

Trong tré ngh pa=C=w=1t=p thiM(-1,0, ").
gg -1 g 0L 13 d

O Tt A S L
MHit ph°\ng mdt ti/p (vec th ph§p b) la: y+z-p=0,
Mt ph3ng phap (vec th phgp t)la: -y+z-p=0,

n=(-10,0)

Mt ph3ng tr ¢ Llc (v@c thph§pn)la : x+1=0. #
\ |
=
|
|
|
= i
M‘"H=-J_ 1(0,1,%)
i _"‘--—‘_____________‘*

(1,0, 0)
X

Hinh 1.17. n_yng Linh Xc trA

1.5.3. MHt cong
a. Khai niMm m’lt cong
1 Cho ham ba bifJn F(x,y,z) x§ L'nh trong miQn GEy>. Tdp h p S c&c
LiWm M(X,y,z) th, a méan ph€hng trinh
F(x,y,z)=0
hayt ng qu§thhn
F(x,y,z) =k (1.69)
'€’ ¢ g ilamltcong, phehng trinh (1.69) g i la ph. _ ng trinh cva nlt.
1 ntikhit (1.69)tac- thWgilirad€ iding
z=2(x,y), hay x=x(y,z), hay y=y(z,x) (1.70)
thi m, i phehng trinh nay cing '€ ¢ g i I” phehng trinh ¢ amit, mit L€ cg ila
cho d. ai d ng hiMn.
Chung tach” x8t tré ngh p mit cong liént c,* L- ham F(x,y,z) lién t, c.
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MHt S '€ ¢ g ilatr nnjuh™m F(xy,z) c- c§ LYo ham riéng lién t, ¢ va
khing " ng th ibing khing:

NGi cch khac, trén S thi véc th gradient grad F(M) khéc khong.

- Mt S '€ ¢ g ilatr ntpng nf nhnjjun- lién t ¢, c- thW phon thanh h, u

hin m[nh trhn.

L uy. nWmHt Strhnt ng minh, tr€ chftn- phliliént, c.

b. Ph._ ng trinh phap tuyAn va tiAp diMn cva m’lt cong

Gil's mitSchob i(1.69). TUi My(Xq,Yg.2) TS,

+ V@c th ph8p tuy/n v, i mHt:

o = N(Mo) = Fx (Mg) i +Fj(Mo) j +Fy(Mg)k. (172)
Ta con vi/jt v@c th ph§p tuy/jn d€ i dl'Jng tal

d

n(Mo) = (Fk(Mo), Fj (M), Fi(My)). (1.73)

+ Phehng trinh phap tuyAn v ph€hng trinh tidp dilin IFn I€ t1a

X - Xp — Y-Yo — Z-1Zy 1 (174)
Fi(Mg) F(Mg) Fi(Mg)

Fi (Mg)(X - Xg) + K (Mg)(y - Yo) + Fi(Mg)(z-2) =0.  (1.79)

Hinh 1.18. Phap tuyAn va tiAp diMn cva m’lt cong
nic bi t, nju mit cho d€ i ding z="f(x,y) U F(x,y,z) =z -f(x,y), tli
LiWm My (Xq,Yo.f(Xg,Yo)) TS thi véc th ph8p tuy/n, phehng trinh phap tuy/n va
phehng trinh tiJp di n IFN I€° t1a

o = (~Fi (X0, Yo), - (X0, ¥o). 1), (1.76)
X = Xp — Y-Yo :Z_ZO1 (177)
fi(X0.Yo) fj(Xo.¥o) -1
fi (X0, Yo) (X =Xg) + 1§, (X0, Yo)(y - Yo) - (- 2¢) = 0.
hay z=2o + 1 (X0, ¥0)(X = Xo) + 1§, (X0, Yo)(Y - ¥o)- (1.78)

43



Vi dA 1.59. Vift ph€hng trinh tifjp di n ¢, a mht S: x2+y2+222 =10 song
songv, imit P:x+y-z=0.
GH i.
(Q):-(x+2)-(y+2)+(z-)=0U x+y-z+5=0.
(Q)):(x-2)+(y-2)-(z+1)=0U x+y-z-5=0. #

TOM TdT CHhuNG 1 (T, I ¢)

TOM TdT CHhwNG 1
C8&c L'nh I2vQ gi i hin, liént cc at ng, hi u, tch, thehng, lu: th a, h p
ham ¢, a c&c ham, cac ham lién t, ¢, I'nh nghga h"m sh cblp va tinh liént c ¢ a
chang, cac khai ni mvakjtqul vQs liént cLQuL iv iham m tbiJn v¥n con
blo to"n cho tré ng h™ p ham nhiQu bi/n.
Khi t2nh LYo ham riéng theo bi/jn n"o L-, ta coi c8c bi/n kh§c khing L i,
r"i Ibly Lo ham theo bifjn L- nh€ Ibly Lo ham v, i ham m; t bi/n.
nlo ham ham i p: F=F(u(x,y),v(x,y))
HF _ pF pu HF HV HF _ WFpu HF w
MX pu HX Wopx’ py  ju W uv py
nYo ham hams™ Xn: z=z(x,y) x8cL'nht F(x,y,z)=0
r_ o B
O S I
Céc phép toan vQ vi phon
d(u°v)=du*®dy, d(uv) = udv ° vdu,
dg“g_vd“—;“dV, df (u) = fi(u)du .
s \%
¢
Duu, viabi/nL cIdp hay bi/n ph, thu clu*nc-
dz=— T du+uf dv.

Hu Hv
Tinh gfn LY%ng

f(xg + DX, yo +Dy) °(Xq,¥o) * i (X, ¥0) DX + £ (X0, ¥0) Dy
nYo h'm theo h€ ng A= = (cosa, cosh, cosg):

_Igl_pu( 0) g%%ggu(M WA= uuS:(/IO)cosa+—uu(|\/|°)cosb+—uu('\/|°)cosg.
|JA

Hy Hz
‘%‘ ¢ \g]grggglu\ = JUiZ+ Ui +up.

Dblu bing x[y ra khi A c¥ing phe€hng v, i a?%u
niQuki ncfnc ac ctr. f(x,y) khvi, LYt c ctr tdi M, thi
uf(Mo) _ i (Mo) _
HX Hy
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niQuki nl, ¢ ac ctr

Cho My(Xg,Yp) I"LiWmd ngc aham z="f(x,y). nit

(M) o 1F(Mg) _ *F(My)

px® Xy by
i)NJuD<0; A>0 (UC>0) thifLitc ctilu tdi M.
i) NJu D<0; A<0 (UC>0) thi fLltc cLbitdi M,.
iii) Nu D>0 thi My khing " LiWm ¢ ctr.

Tré ngh p3bijn

TUi LiWm d ng My(Xg,Y0,20) T D ¢ aham u=f(x,y,z) tinh

0 2
d%F (Mo) = o t-dx +t-dy +Hdz8 F(Mp).
Sx oy oz ¢

N/u d?f(M,) x§c L' nh dehng thi M, I” Lilim ¢ c tillu.

A=t  D=B2-AC.

N/u d?f (M) x& L nh ©m thi M, I LiWm ¢ c LUi.
Tim GTLN - GTNN trén miQn L-ng, gi, in iD
+ Tim nh_ng LiWm t i hin bén trong ¢, a D: My,....,M;
+ Tim nh, ng LiWm t i htn trén bién ¢, a D: Ny,...,Na;
+ Tinh: £(My);..; F(M); TNy F(N);
+ KJJt ludn: GTLN - GTNN ¢, a ham la Max, Min cac gia tr nhdn L€ c.
C ctr c- LiQuki n
Timc ctr ¢ aham f(x,y,z) v. i LiQu ki n F(x,y,z) =0, ta cd thW ding
a) n€a vQ tré ng h p 2t bi/jn hhn
b) Ph€hng ph8p nhOn t Lagrange:
i) Ldp ham Lagrange F(x,y,z, 1) =f(x,y,z) + IF(X,y,2).
i) Tim cac nghi m Iy, x;, i, z;,i=1,..,k t h
eFj = fi(x,y,z)+1Fi(X,y,z) =0
'E‘F‘y =fy(x,y,2) + IR (x,y,2) =0
R =fi(x,y,2) + IFj(x,y,2) =0
tFi =F(x,y,2) =0
iii) KiWm tra xem c§c Lilm d ng LiQu ki n N;(x;,y;,z;) c- I"Liwm ¢ ctr
LiQu ki’ n hay tdi L'- LUt GTLN, GTNN LiQu ki n hay kh2ng.
Ti]p tuy/n ¢, a '€ ng - phap tuy/n, tijp di n ¢, a mit
Tilp tuyn ¢ a L€ ng cong x=x(t),y=y(t), z=z() tdi LiWm
My (Xg,Yo,20) tren L€ ng_ ngv, igi§tr t=ty ¢ athams la:
X-Xo_Y¥-Y0_2=72
Xi(to)  Vilte)  zZi(to)
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Phap tuy/n va tifJp di n ¢, amht cong F(x,y,z) =0 tdi Lilm My(Xg, Yo, Zo)

trén mit c- phehng trinh Ifn 1€ t la:
X-Xo - ¥Y=Y0 _ Z2-2

Fi(Mg)  Fj(Mg)  Fi(Mp)’
Fi (Mg) (X =Xg) +Fj, (Mg) (Y -Yo) +Fi (Mg) (2-2) =0

Chehng, m_ c: 2

Tifitth :21-25 Tufnth : 5
MAc L2ch, yéu ¢ u:
1 Ndm L nh nghoa TP b, i, c§ch x8c L' nh cdn TP
T Mts ngd, ng
1 Thelyl i2chg adéngl” ibintodl ¢ c
T Ndm L€ cm ts c8 L ibint ng qust khsc
- Hinh thoc tY choc & y hic:
Hinh th ¢ ch y/u: LT thuyft, th{o ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t- T h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
§2.1. Tich phan kép

Chehng 2
TICHPHANB_ |
§ 2.1. TICH PHAN KEP

21.1.M Lfu

a. ninh nghoa

Cho hams” z=f(x,y), x8 L nh
trén D lamiQn gi. in i, c- di n th.

Chia D thanh n m[nh nh khng

dXm 1én nhau. G ic§&c m[nhnh L- la
(DS,),...,(DS,) va di n txch tehng . ng

¢, ach¥ng la DS;,...,DS,,.

Trén m, i m[nh (DS;) Ibly LiWm
M;tdy y: M;(x;,y;) T(DS;). Ldp t ng
tich phan Hinh 2.1. Hinh trA cong
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I, = .an..f(Xth)DSi (2.1)
i=1

G id; I"€ ngkenh ¢ amfnh (DS;):

d; =d(DS;) =Sup{MN: M,N I (DS;)}.

NJu khi n — o sao cho Max(d;) — 0, I, dfn Ln gi i hidn h u hin I,
khong ph, thu, ¢ vao cach chia miQn D va cach ch n c8c Lilim M, trén (DS;) thi
ta noi:

+ Ham f(x,y) ki# t2ch trén D;

+ 1 L€ c gi latich phan kép ¢ a ham f(x,y) trén D, ky hi u la

i () dxdy;
D

+ D la mizn iy t2ch phOn; f(x,y) lah”md_ ai d u t2ch phon.
L uy., tréntadung thudtng mizn c- diln tich (hay cFu phehng L€ c).
Khéng cfn quan tom nhiQu, L'Ui thW L'- 1a cac tdp thing th€ ng.
b. Y nghea hinh hxc
Thitzch V = {if(x,y) dxdy . (2.2)
D
Cho f(x,y) =1, L€ ccingth ctnhdi n tzch miQn phing:
dt(D) = fifjdxdy . (2.3)
D
c. nizukiMn tQn ¢ i. Cho D lamiQn gi_ in i, (c- di n tich).
* NJu f(x,y) b chin, lién t, c trén D thi kh[ tch trén D.
* NJu f(x,y) b chin, lién t, ¢t ng m[nh trén D thi kh[ t2ch trén D.

Cha y. nW tham khlo, chiing ta nén bifjt LiQu ki n r, ng rai nhblt ¢ a kh[ t2ch
(xem [15] tr 130):

d. Tinh ch t cva t2ch phOn k@p
Tich phan kép c6 cac tinh chbit gi’ ng v. i tich phén x8c L nh.

ninh IT 2.1. Cho f(x,y), g(x,y) la cac ham kh[ t2ch trén miQn (c- di n txch)
Dnol-,v:alam ts th c.Khil-

i) Cac ham f(x,y) ©g(x,y), af(x,y), [f(x,y)| kh[ tzch trén D va

NN

iR (F O Y) © g(x,y))dxdy = [ f(x, y)dxdy  fijg(x,y) dxdy,

D D D
iiaf(x,y)dxdy = afif(x,y)dxdy,
D D
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f(x,y)|dxdy . (2.4)

ﬁﬁf(x,y)dxdy‘ ¢ fi
D D

if) NJu D c- thW t§h thanh hai miQn (c- di n tch) va khdng d¥m Ién nhau
(phfn chung ch” c- thW la m, t phfn bién ¢, am, i miQn): D =D, CD,, thi

AT (x, y)dxdy = i f (x, y) dxdy + iifi f (x,y) dxdy . (2.5)
D Dq Do

i) NJu f(x,y) ¢ g(x,y), ""(x,y) ID thi
AT (x, y)dxdy ¢ {ifjg(x,y)dxdy . (2.6)
D D

iv) Cac ham f(x,y)g(x,y), f2(x,y), g?(x,y) kh[ tzch trén D va

gﬁﬁf(x,y)g(x,y)o|xo|yg2 ¢ afjif2(x,y) dxdy0afif g*(x,y) dxdyd (2.7)
¢D ~ ¢D “¢D B
(Bblt L3ng th ¢ Cauchy-Schwarz).
Nghi m L¥%ng n'nh IT vQ gi§ tr' trung binh.
2.1.2. Cachtinhtrong t a L Descates
a. Mizn ty t2ch phOn c- d' ng hinh chu nhat

ninh IT 2.2. Cho D={(x,y):a¢x¢h, c¢y¢d} vagil s f(x,y) la ham
d
lién t, ¢ tr°n D. Khi L+ t2ch phon §f(x,y)dy x§c L'nhv, im i x 1[a, b] va

C

b ad g b d
ifif (X, y)dxdy = éff(x,y)dyudx = {jdx{if(x,y)dy.
D aBec g a ¢
N’ i vai tro hai bifjn tathu L'€ ¢
d b
T (x,y)dxdy = fdyff(x,y)dx. (2.9)
D c a

X6t tré ng f(x,y) =h(x).k(y). Theo n'nh IT 2.2,

b d 4b § 4d §

Ah(x).k(y)dxdy = ﬁdxﬁ(h(x).k(y))dy = gﬁ h(x)dxg.gﬁ k(y)dyg.

D a c Ca - Cc -
b d

HMque . fi h(x).k(y)dxdy = jh(x)dx.{j k(y)dy. (2.10)
{atx¢b; ceycd} a c

VidA2.1.Tinh i) i (x+ y2)dxdy, ii) i sin2x 2Ydxdy .
0¢x,y¢l {0¢x¢p/2, 1¢y¢2}
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G.p. .)I El;d EI;( + Z)d %é +y36‘y:1d Eé +16d 5
1. 1 =naxn(x = X —0|{=n0X = X+ —00X =—.
naxn y~)dy g% y 39y_o % 39 5

0 0
p/2 2 B y
i) J= i sin2xdxf2Ydy= "S5 pz 27 j2. 3
0 ) 2 In2 In2

b. MiZn ¥y t2ch phOn c- d ng Ii" t k8
T Nju D la hinh thang cong D={(x,y):a¢x¢b, y (x) ¢y ¢ y,(x)}
(Hinh 2.2a), y;(x), Y,(x) liént, ctrén [a, b], ham f(x,y) lién t, c trén D thi

b y2(x) b gy2(X) g
if(x,y)dxdy =fdx f§ f(x,y)dy={¢ f f(x,y)dyudx. (2.11)
D 2 i) aByi(x)

T D-hinh thang cong L8y//Ox: D={(x,y):c¢y¢d, x (y) ¢ x¢x,(y)}
f(X,y), X1(y), X»(y) lanh ngham lién t, c thi

F &

¥ (a) i (b a (c)
2 ':X:' d

ji" EEEEEEEEEEEREES

C

goommmmmms

Ty1(z)

¥
¥

0 a by b O ¥ 0 a b

Hinh 2.2. Mit sX miZn iy t2ch phén thing dAng trong y?

d xa(y) d gxa(y) g
ifoy)dxdy =fdy f f(x,y)dx=fé f{ f(x,y)dxudy. (2.12)
D ¢ x,(y) ¢ Ex(y) i

1 Dv ac-ding” Hinh2.2a, v ac- ding" Hinh 2.2b (xem Hinh 2.2c):
Ch nm ttrong hai cong th. ¢ (2.11) hotc (2.12). T. L-

b ya(x) d  xa(y)
Mfoy)dxdy =fdx f f(x,y)dy={dy §j f(x,y)dx (2.13)
D a  yi(x) ¢ x(y)

D€ ngnh€lutnc- m tth t Iblytch phonthudn [ ihhnth t kial
H_ang d_n c8ch x8c LMnh con TP (xem [1]).
Vi dA 2.2. Tinh 1= ﬁﬁxz(y—x)dxdy, D 1a miQn gi i hin b i c§c '€ ng
D
y=x%va x=y?.
Gii. x=y?20U y=°Jx.GiaoLiWm: y=x2, y>=x Y x=0, x=1.
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1 \/; 10 2 ~

2y Oly=yx 4o - _
I =fdx f X x)d x2 2 _x3 dx=..=— #
g an 2(y - x)dy = nae 5 T XVY e S04
Vi dA 2.3. Cho D la miQn gi, i A
hinb ic8c L€ ng %’
y=X,y=x+1y=1y=3. :
Tinh 1= fi(x? +y?)dxdy. §
: s
GH i, e §
D={(x,y):1¢y¢3, y-1¢x ¢ y}. 0 i1 3 x
3 35,3 5
I-ndyn (x> +y?)dx = nae—+y Xoxyldy
1 y-1
35 3 3
=fiz Liy- Y 2l +y2(y- 1)oody— =14. #
163 ¢ 3
12
Vi dA 2.4. Tinh tich phan fidy fj €* dx. (Khng c- nguy°n h”m sh chip)
0 2y
2 x/2 2 2
1 2 1< .2 1,2 1
| = fdx fi ¥ dy==fixeX dx ==fe* d(x?)==eX |2 ==(e?-1).
o] 7 o g e gl

2.1.3.n ibins v itxh phtn kép
a. Cong thoc LYi bin tYng qust
nW t2nh t2ch phn k®p nhiQu khi ta d%ng ph@p L i bi/jn

éx =x(u,v)

fy=yv), (uvip' (2.14)

+ X(u,v), y(u,v) la cac ham lién t c, c- c8c LYo ham riéng lién t c trong
miQn L -ng, gi. in i Di E Oxy, (Dico di n tzch);

+(2.14) x8 I'nh m tsong §nh (Lhn §nh v 1°n)t Dj — D E Oxy;

+n nh th c Jacobi

eX|, X{@ _
3= DY) _ goif Xl buﬁo ) TD:

D(u,v) &Yl Vil

(cothWtr ratdim ts” h uhtnL€ ng). Khil-
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i (%, y)dxdy =ffif (x(u, v), y(u,v))]J|dudv . (2.15)
D D'

Chay. i) Tinh chbit ¢ a L' nh th ¢ Jacobi la:

D(u,v) 0y D(xy) _ 1
D(x,y) ~ D(u,v) D(u,v)°
D(x,y)

niQu nay cé thil gi¥p ta t2nh L nh th_ ¢ Jacobi J thudn I i hhn.

(2.16)

i) Bing I i bi/Jn u=x, v=-y tanhdn '€ ck/tqul h u2ch sau:

* Cho D lamiQn L' i x_ng qua tr, c Ox, D; la phfn miQn D ph2a trén tr, c
Ox (xem Hinh 2.3a) thi

2ff f(x,y)dxdy, f(x,y) ch¥nvfi bidn y
Dy (2.17)
0, f(x,y) ITvii biln y

Mf(x,y) dxdy =
D

=) =)D

(Ham f(x,y) chEn vai bidny nfju f(x,-y) =f(x,y), ""(x,y) I D
ivaibidnynu  f(x,-y) = -f(x,y), ""(x,y) I D).
*Tehngt khimiQn DL ix ngquatr, ctung.

F 3 F

¥V EY ¥ (bl

Y Ly b,
0 H D1

B
>

L J

Hinh 2.3. Mizn LXi xong qua trAc Ox (a) va qua trAc Oy (b)

Vi dA 2.5. Tinh tich phan 1 = fii (x + y)* (x - 2y)°dxdy..
D
trong L'- D I"miQn gi i hin b ic8c L€ ngth3ng
X+y=2, X+y=3 X-2y=1 x-2y=2.
GHi. D={(x,y):2¢x+y €3, 1¢x-2y ¢ 2} nit

ex-2u+1v €2 14
u=x+y . U473V 2 =2l
5 Yol 3 3 ¢izges® 3y=-1
ivV=x-2y Ty:lu__ el 1y 3
T 3 3 83 30
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Khi L - miQnth thanh Di={(v,v): 2¢u¢3, 1¢v ¢ 2},
. 1ay® |5 0\
ndUnu4V5— ——@ B o&—‘lo 147,7.
1

Cha y. Ding tinh chbit (2.16) ta c- c§ch th. hai LW t2nh J thudn [ i hhn:

Duv) Lt gy 1 1y,
D(x,y) [ -2 D(u,v) D(uv) 3
D(x,y)
b. nYi bidn tZa Li cxc
XetL ibintal cc ?X - rc'osq. n nh th, ¢ Jacobi ¢, aph@p bi/n L ila
fy =rsing.
_D(x,y) _ , ., eXj xhg cosq -rsing| _
J=——="=detg ) =r, 0 (tr ratdi O(0,0)).
D(r,q) eYi Yhu sing recosq
i f (x, y)dxdy =fjf (rcosq,rsing)rdrdg. (2.18)

D D'
nic bi t, nju miQn D ¢- ding hinh qu tnh€ " Hinh 2.4 ta nhdn L€ ¢
Di={a¢q¢b, r(q)¢re¢r(q)},

b r2(q)
Mf(x.y)dxdy =fdg {j f(rcosq,rsing)rdr. (2.19)
D a n(q)
r; ()
10>
£ x

¥

Hinh 2.4. MiZn hinh qu t
C8ch x8c LMnh con: Xem [1]

4
VidA26.i)Ch ngminhring i (x° +y2)dxdy:%
{x2+y2¢R2}

o ~

a 0
i) Tinh tich phan 1 = fj fEsm(xy + dedy,

D (; \/1+x2+y

v. i Dlan atrén hinh tron tam O, ban kinh 1.
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GH i.i) nit x =rcosq, y =rsing thi [J|=r,t L-

2p R 4
I=fd nr rdr-2p—‘o—ﬁ.
0
. . 1
i) 1= fj sm(xy )axdy + fjj ———=—=adxdy =1, +1,
D D y1+x%+y?
I, =0 (ly do?)

l,: Lht x = rcosq, y =rsing, |J|=r

1
P r

I—Iz—ndqn
\/1+r coS q+r sin? q

'3 d(f +1)
= pV1+r?|g = p(v2 -1). #
2 02\/1+r

T2a L cxc co gidn (&) (xem tai Ii u [1])

& X
=rcosq
oo -
! 1Y =rsin
o omd

Nhon x6t. Hinh dung t a L, ¢ ¢ co gidn thudn [ i thing qua c§c L€ ng
" ng m_c (Hinh 2.5b). Cac LiWm tréntr, ct a, Ox, Oy ¢c- g-c ¢ ¢ nh€ nhau
vital c cthingth€ ngcingnhet al, ¢ ccogidn: V. icl hailolital
C ¢, c8c LiWm tr°n tia Ox LQu c- g-c ¢ ¢ I 0, c8c LiWm tr°n tia Oy LQu c- g-C
cclap/2..c8l€ ngl ngm cq=0, p/2, p, 3p/2, 2p,... v¥n la cé4c tia OX,
Oy, (P)

Khidingt al, ¢ ccogidn x=arcosq, y=brsing, L nhth c Jacobic, a

phép bin L' ila [Jj=abr. T L-tanhdn L€ ¢

T (x, y)dxdy = abfjjif (@rcosq,brsing) rdrdj . (2.21)
D D’
. _ x2 y? .
VidA 2.7. Tinh di n t%ch hinh gi, ihUn b i elip ?+T =1, tia Ox va tia:
)y=x (x20); i) y=2x/3 (x20).
éx =3rcosq

GHi. X6tph@p L ibijnt al ¢ c(co gidn) j |=6r.

'y 2rsing’
i) y=x U 2rsinj =3rcosqU tanq=3/2 U q=q, =arctan(3/2).
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h 1 r2 3
S = ffjdxdy = fj dajj6rdr = g,6.— |g= 30, = 3arctan .
D 0 0 2 2
Nhon x@t. NhiQu ng€ inhfm q, = p/4.

i) y=2x/3U 2rsing=(2/3)3rcosq U tang=1U q=q, =p/4.

p/4
S = fifidxdy = ndqnerdr_96—|o_— #
. 4 4
" _§x° ]
Vi dA 2.8. Tinh nn(xy|+x+y +sin(y®))dxdy ; D=1 XY ¢1u-
b 79 16 ¥
GHi. 1= ffj([xy|+y?)dxdy + fifix dxdy + fifisin (y®)dxdy = Iy + 1, + 1.
D D D

D lamiQn L’ i x ngquatr, c Oy, ham f(x,y) =x IT v, i bi/jn x, vdy 1, =0.
Tehngt ,D L ix ngquaOx, sin(y®) ITv, ibifnynén I;=0.T L-
=1 = nn(|xy|+y )dxdy 4 (xy+y ) dxdy
Dy

2
trong L - Dlz?x—+y ¢, x,yZOE.
79 16

y
nit x = 3rcosq, y=4rsing, Jl=12r,tal€ ¢
1 p/2
| = 4fjdr jj (3rcosq 4rsinq+16r23in 2q)12rdq
0 0
12

gP
4123(5r \oo i (6sin 2q +8(1- cos2q)) dq = 24(3+2p). #

Chay. i) nWthudn I i, ng€ itaconding phép L itr, ¢

LW L'€a g" ¢ VQ (xq.Y,); ti/Jp theo dvng L i biJn X =rcosq, Y =rsing.
Vi ¢ x8c L' nh cdn ¢ a c8c bifJn r, g nhiQu khi kh§ d, .

Th cchbit ¢ a hai Ifn L' i bijn trén 1a s d. ng ph@p L i bi/n tZa Li cxc
diich chuy6n

€X =rcosq +Xg
i .
iy=rsing+yo

YT
i¥y-Yo=rsinq
ii) NhiQu khi miQn Ibly t2ch phon cho phép tas d, ng cftal c cthing
th€ ngvatal c cdch chuyiin. Tuy nhién khi th c hi' n Ibly t2ch ph©n lKp v, i
lobit al, naythid , v ilolikh§c Idi kh- hhn nhiQu. Khingc- m tg i T cho
LiQu nay.

iii) ntikhi, ng€ itacon dung L i bi/jn tza Li cxc co gidn diich chuyén
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€X - Xy =arcosq
:'y—y0 =brsing’
2.14. ngd, ngc, atich phon kep
a. &ng dAng hinh hxc
1 Di ntch m[nh ph3ng + ThW tich vdt thW (L bit)
1 Di n tich mit cong

(S): z=f(x,y), (x,y) IDE y?

V. i J=abr.

dt(S) = fij 1+ (F)? + (f})? dxdy . (2.22)
D

nW 8p d, ng (2.22), D: Hinh chifju ¢, a S Ién Oxy.

Vi dA 2.9. Tinh di' n t’ch hinh ph3ng gi ihinb i '€ ng Lemniscat
(L): (x* +y?)? =a’(x* -y?) (@>0).

GHi. x =rcosq, y =rsing, d¥n LJn

(r?)? = a%(r’cos’q - r?sin?q) U r =a,/cos 2q .

T tnhl ix ng,
p/4  a,/cos2q pid 2,
S= 481 = 4ﬁﬁ dXdy =4 ﬁ dq ﬁ rdr=4 ﬁ r_ :;gﬂCOSquq
S1 0 0 0 2
p/4
=2 a20052qdq:azsin2q‘8’4 -2 4
0

Vi dA 2.10. Tinh di n t2ch ¢ amht x8c L'nh b i giao ¢, a c§c mit tr,
x?+z%=a’% y?+z2=a% (a>0).
GPi. T tnhl ix ng, dt(S)=16dt(S;), trong L- S; la mit nh€ Hinh 2.6.

Trén (S) thi x?+2z%=2a% z20 hay (S;): z=+va?-x%, (x,y)ID; D la
hinh chifu ¢, a (S;) xu” ng mit Oxy, (tam gi§c OAB). Vdy

a X 2
NN ~N ~N 3 _2X 6
dt(S;) =fifi\[1+ (zi)? + (zj,)? dxdy = fidxf \/1+g—6 dxdy
D\/ 0 2\a? - x?

0 -X" =+
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idx)”( a dy =a
NIy ="
o o /az_xz

Suy ra dt(S) =16aZ. #

Vi dA 2.11. Tinh thW tch V ¢, a vdt thW gi i hin b’ i mht tr, x2 +y? = 2x
vamitcfu x2 +y?+z%2 =4,
G# i. Khi chifJu vdt thW V 1én mit Oxy ta '€ cmiQn D gi ihinb i€ ng
x2+y?=2x U (x-1)%+y? =1: '€ ngtron tam I(1,0) ban kinh 1.

x2+y?+z2=4, 220U z=°4-x*-y?,

T tnhLl ix ng thWech VL€ ctnhb i
V =2fifiv4- x? - y2 dxdy .
D

ChuyWinquat al, ¢ c: x=rcosq, y=rsing thi[J|=r,

x% +y? = 2x U rlcos?q+r?sin?q=2rcosq U r = 2cosq.

p/2 2cosq
V=2 dj i ya-rirdr
-p/2 0
_ p/2 _
:2__1_2 i (4_r2)3/2‘gcosq dq:m _ 4
2 9
-p/2
b. Mit sX ong dAng ¢ hZc
* KhXi | atng ¥ n phAng D:
m = fifj r(x, y) dxdy; (2.23)
D
*Trzng tom G(Xg,Yg):
1.. 1.
Xg = Ennx r(x,y)dxdy, yg = ;nnyr(x,y) dxdy. (2.26)

D D
nic bi t, nfju vdt " ng chblt thi r(x,y) = r=const, cong th_ c trén tr' thanh

1,. 1,.

Xg = gnﬂx dxdy, yg = gnny dxdy (2.27)

D D
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trong L'- S 1" di n tzch miQn D.

_VidA2.12. Tinh kh i I€ ng, m® men qusn t2nh v, i c§c clnh OA, OB, Liim
Oclngnhetal trngtomc am tphfn te hinh tron D, bift ring kh' i I€ ng
riéng tli Linm Mtrén Dt [ v, i kho[ng c&ch L/jn m, i clnh OA, OB.

GHi w4
Xéth tr ¢ nh€ Hinh 2.8. Ta co, £
_Fxy)x?+y? ¢R7Y
D=} 0.
T x20y20 y
Kh' i I€ ng riéng Ia A
r(x,y) = Kxy. © =
Hinh 2.8. 1/4 hinh tron
R R2—x2 ,— 4
*m=fiKxydxdy = fdx § Kxydy= Knxag y de-KR
D 0 0 o ¢2 8
R VR?-x? K R®
* Moa = Mgg = Kjjijx xydxdy:Kﬁdx f x3ydy = ... =
24
D 0 0
R VR?-x? K RS
* Aixr(x,y)dxdy = Kjjix.xydxdy = Kfdx x2ydy =
15
D D 0 0
X :K—RS'K—R“—ER T nhLlix ng Xg =Y —ER #
15 8 15 AT
* Ch, a bai tdp (2 tif)t):
nsS.l.e) 2(e-2).; 5.1):20/3; 6(a): ;
7.¢) (3-2In2)/4; f) /8-2InL++/2).
8: b) P_3: d)@3)In ), 9:q) 7/24:
10:f) 64p/3; g) 8p; h)16a®/3. 14:¢) p3\/1§2_1; d) 2a2(p—2).
b) Thlo ludn - Vit ctng th. ¢ chuyWn TP k®p sang TP IHp, cdn ¢, a bi/jn x

tré, c, cdn ¢, abin ysau; Ng€ c Ui
-Néutodl, Descatesvatoll, c cc¢ av'iLiWm LHe bi t.
-VEm ts hinh, néu cach xac L nh cdn t>ch phén.

¢)T hec VD 2.11; VD2.25; VD 2.26;
VD 2.27;
d) Bai tdp B tr :1(b, d); 2(b, ¢); 3(b); 4(a, b); 5(a, c, d);
6(b); 7(d, c); 8(a); 9(d, f); 10(c); 15;17;
Taili u Taili u[1],tr....
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Chehng, m_ c: 2
Ti/jtth : 26-30 Tufnth : 6
MAc L2ch, yéu ¢ u:
Ndm c8ch x§c L' nh cdn TP
T Mts ngd, ng
T Ndm L€ cm ts c8 L ibint ng qust khsc
1 Th cchbtl ibijntodL, tr lagi.
- Hinh thoc tY choc & y hic:
Hinh th ¢ ch y/u: LT thuyft, th{o ludn-t h ¢, t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t- T h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
§2.2. Tich phan b iba

§2.2. TICH PHANB, |1BA

221.M Lfu
a. ninh nghoa
Chou=f(x,y,2), (x,y,2) IVE y3, V:miQngi in i, c- thWtch.
Chia V thanh n m[nh nh, khing d¥m lén nhau. G i c8& m[nh nh L- la
(DV,),...,(DV,)) vathWtxch tehng ngc, ach¥ng la DV,...,DV,.
Trénm, i mfnh (DV;) lbly LiWim M, tayy: M;(X;,Y;,z;) T(DV,).
Ldp f ng TP
n
I = af(xviz)DV;, (2.28)
i=1
G id;laL yngkanhc ampnh (DV;):
d; =d(DV,) =Sup{MN: M,N TDV;}.

Nju khi n — @ sao cho Max(d,,...,d,) — 0,1, dfn LJn gi i hin 1 h u
hin, khing ph, thu c vao cach chia miQn V va cach ch n c§c LiWm M; trén (
DV;) thi ta noi:

+ Ham f(x,y,z) k¢ t2ch trén V;

+ 1 '€ ¢ g i la tich phan bii ba ¢ a ham f(x,y,z) trén V, ky hi u la

NNN NNN

ifif f (X, y, 2) dxdydz (hay ffiijf dxdydz hay {iif(x,y,z) dV ...);
v v v
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+ V la mizZn iy tich phan; f(x,y,z) lah"m d_ai d"u tch phOn.

L uy., tréntadung thudtng miznc- the tch. nYi thi, - 1a miQn khng
qua "4 1ing™; miQn ta x6t thing th€ ngluin c- thW tch.

b. niZu kiln Qn ¢ i. Cho V lamiQn gi, in i, (c- thW t2ch).
*f(x,y,2) lién t, c trén V thi kh[ t2ch trén V;

* f(x,y,z) b chtn, liént. ¢t ng m{nh trén V thi kh[ t2ch trén V.
c. Tinh chn t cva t2ch phOn bii ba

Gi ng v, it2ch phén x8c L nh.

2.2.2.Cachtinhtrongt al, Descates

a. MiZn iy t2ch phOn Ia hinh hip

V={(Xxy,z): a¢tx¢b ctyctd ecz¢f}

b d f
iR (. y,2)dV = {jdxjdyfif(x,y,z)dz
V a C e

(CothwL isangm tth t khSc).
b. MiZn Py t2ch phOn c- d* ng hinh trA cong

V={(x,y,2): (x,Y) IDE y?, 2;(x,y) € 2 ¢ ,(x,Y)}.

3z2(x.y) b z2(x,y)
| = fif f (x,y,z)dxdydz = fijz i f(x,y,z)dzgdxdy:: Aidxdy f§ f(x,y,z)dz.
Vv D ¢ z1(x.y) k4 D z1(x.y)
z
e — = — z3(x,¥)

1]
+
o
—
2
=

Hinh 2.9. MiZn hinh trA cong
Hhn n_ a, nJju miQn D la hinh thang cong c6 L8y // Oy (xem Hinh 2.9)
D={(xy)a¢tx¢h, y;(X)¢y¢y,(X)}
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b y2(x)  za(xy)
I=ififf(x,y,z)dxdydz=fjdx { dy f f(x,y,z)dz. (2.30)
\ a  yi(x)  z1(xy)
L€uy. (ii) MiQn D ch2nh la hinh chijju ¢, a vdt thW V 1én mHt Oxy.
(iii) nW x8c L' nh c8c cdn t2ch phén: Xem [1].

NJ/u vdt thW c- dl'Jng hinh tr, cong, v. i L'€ ng sinh song song V. i tr, ¢ OX
(hotic Qy) thi ¢fn LiQu ch'nh th, t ¢ Li 2t nhiQu; ch3ng hin LW tim miQn D ta phTi
chifJu vdt thW V Ién cac mHt Oyz (hotc Ozx).

Vi dA 2.13. Tinh tich phan b i ba

dxdydz,

= i
v
ViavdtthWgi ihdnb ic&cmitt a

L vamttph3ngx+y+z=1.

L+x+y+2)°

G.x+y+z=1Uz=1-(x+Y).

ChiJu V xu” ng mHt phing Oxy ta
nhdn L'€ ¢ tam gi§c OAB. Vdy

Hinh 2.10. Vot the € V2dA 2.13

1 1-x 1-x-y 1
I=fdx i dy f dz
0 o0 0 (1+x+y+z)3
1 1-x, -2
e L e(l+x+y+z “1-x-y?
=fidx f g( - L by
0 o0
1 1-x,
:lﬁdx h’ g%_igdyzzimz_i #H
2O 0 sl+x+y)s 4y 2 16

Vi dA 2.14. Tinh tich phan | = fiiixyzdxdydz v, i V la miQn gi, i htn b’ i
Vv

cACmHit x=0, y=0, z=0, x=1, y=2, z=x?+y?.
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b

Hinh 2.11. MiZn £ V2 dA 2.14
GHi. ChifuV xu ngOxytal€ c D={0¢x¢1 0¢y¢ 2} Vdy

12ty 12 8,268 _2 2
|=fidxfdy Xyzdz:ﬁdxﬁxyae%g z=x54y” g :%.
0 0 0 0o o %¢°
c. Tinh tich phan theo thiAt diMn
b
fififi f (x, v, 2) dxdydz =fjdx fjjj f(x,y,z)dydz. (2.31)
\ a S(x)

X[yracingth cteéhngt khi x6tcsc thitdi n ~ Oy hay ™ Oz.

VidA 2.15 . Tinh tich phan I = i x4dxdydz
%

2 y2 22

trong L- V I" miQn gi, i hin b’ i elipsoid X—2+—+—:1.

a? b% ¢

a a a
GHi. 1= fj dx {ijj x*dydz = fj x*dx. {jjj dydz = f§j x* dt(S(x))dx..

-a  S(x) -a S(x) -a
2 2 2 2 2 2
B ivi —2+y—2+2—:1L'Jy—+Z—2:1—X—2 hay
a~ b ¢ b ¢ a
2 2 ) Y
Y L =1V dt(S(x) = pbeel- 6.
éb w20 & 2 0 ¢ a-
1-— Cil-—
% a2 ! % 22 !
a a 29
T L 1= ﬁx“pbcael—x—zbdx:ipbcas. #
g ¢ a‘+ 35
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2.2.3.n ibins trong t:ch phén b iba
a. Coéng thoc LYi bin tYng qust

Co thW d¥ng L i bi/n

éx =x(u,v,w)

1y =yu,v,w) (uv,w) TViEy?, (2.32)
Yz =z(u,v,w)

+ Cac ham x(u,v,w), y(u,v,w), z(u,v,w) lién t c, c- c&c Ldo ham riéng lién
t ¢ trong miQn L'-ng Vi E Oxyz, (Vico thil tich);

+(2.32) x8c 'nh m_ tsong §nh (Lhn §nh v I°n)t Vi — V E Oxyz;

+n nh th ¢ Jacobi

D( ) exj, X Xy

X1y7W é . . . l:l L] TN/

J=——"= 2 =det; . .0 u,v,w) v 2.33

D(U.v, W) ?ylf y.k' y.wl\J . ( )1V (2.33)
820 Zi, ZinH

(cothwtr ratdim ts  h uhinmHt). Khil-

NNN NNN

fif f (x, y,z) dxdydz = nnnf(x(u,v,w),y(u,v,w),z(u,v,w))|J|dudvdW .(2.34)
v Vi

Nhon x8t. Bing c§ch I i bifjn u=x,v=y, w=-z tanhdn '€ ¢kt qu
h. u 2ch sau:

* Cho V lamiQn L i x ng qua mht ph3ng Oxy, V; la phfn miQn V ph2a trén
mtt ph3ng Oxy thi

2fififi f (x,y, z) dxdydz, nu f(x,y,z) chin vi biOn z
Vi

0, nOu f(x,y,z) IT vii bidn z

NNN

A f (x,y,z)dxdydz =
Y%

) o) (D

* Phat biWu tehng t khi miQn V L" i X ng qua mHt Oyz hotic Ozx.
b. nYi bidn tZa LT trA

*TolL tr,. M(x,y,z)trongh { al, Descates vulng g-c Oxyz, ta Li trA
¢ an-lab bas (r,q,z),trongL- (r,g) lat al, ¢ c¢ ahinhchiju Mi¢ aM
I&n mit ph3ng Oxy (xem Hinh 2.13).
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TM(xy.2)

»
>

-
-
-

Hinh 2.13. Tza L trA
Roranglar20, 0¢qg<2p, -—a<z<g,

EX =rcosq
‘:y: rsing (2.35)
lz=z
Duy ch” ¢- c8c LiWm trén tr. ¢ Oz thi r=0, q tly Y, z x4c L' nh. C8c Li¥m
kh§c c- tehng ng1-1gi ahailolit al .
Ta cd thW vift M(x,y,z) hotc M(r,q,z)
TZa LitrAsuy ring” L- r,q c6 thW nhdn gi§ tr bblt k8, kW c[ gi§ tr ©m,
hay tza Li trA co gian.
n nh th ¢ Jacobi ¢, a ph@p L i bi/n (2.35) la
ecosq -rsing Og
J:detgsinq rcosq Oy=r.
g0 0 1y
Nhdn '€ ccingth ctchphénb ibatrongt al, tr,

A f (x,y,z) dxdydz = i f (rcosq,rsinq,z) rdgdrdz . (2.36)
v Vi

-

Shar | z,(1c056, 1 5in6)

r,(6)

Hinh 2.14. MiZn hinh trA cong trong tza Li trA
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Khi miQn V ¢- ding hinh trA cong va hinh chifJu ¢, an- 1én mht ph3ng Oxy
¢6 ding hinh quit (xem Hinh 2.14) thi

b rm(g) zp(rcosq,rsing)
i f(x,y,2) dxdydz =fdj fj dr f
\Y%

a rq(q) zy(rcosq,rsing)

f(rcosq,rsing,z) rdz

Vi dA 2.16. Tinh tich phan | = i zdxdydz v, i V la miQn gi, i hin b i c&c

v
mit z=+/x2+y? va z=h (h>0).
GHi. XetLl ibintaL tr
6X =rC0sq
‘:Y=rsinq Y l=r.
lz=z
2 =4/x% +y?
= Jr2cos?q + rsin?q = .
Hinh 2.15. Hinh non
2p h h 2p h 2 h 4
| = fj dgfjdrjzrdz = { dqﬁrz—"r‘dr :2pﬁL(h2 - r2)dr :ﬁ. #
2 2 4
0 0 r 0 0 0

Nhon x@t. nWf thudn [ i khi x§c L nh c§c cdn ¢, a t2ch phén Ip, tre ¢ hijt ta
chiu miQn V 1én mHt Oxy. Dung cong th ¢ (2.29) ta '€ ¢

dz2(x.y) b
I =i f(x,y,z)dxdydz = fjj& f(x,y,z)dzgdxdy
v D ¢ z1(x.y) =

ridungt al, ¢ cLWtnh tch phon trén miQn D.
Th, tc"l€avQt al, ¢ c"thudnfl ihhndingtr ctipt al, tr, .
2.24. ngd, ngc atichphOnb iba
a. &ng dAng hinh hxc
ThW t2ch vdt thiw:

V =i dxdydz.

(2.44)
\Y

Vi dA 2.18. Tinh thW t2ch V ¢, a vdt thWgi, i hin b i c§c mHt
(Sy): x2+y2+z2 =9, (5,): x2+y2 =8z.
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GHi. Vdt thi V nim gi a mit d€ i z,=(x+y?)/8 va mht trén
=/9-(x*+y?)20.
+z°=9 . O =
Giao tuy/Jn hai mHt: ({a y z u..u fx +y =8
x> +y? =8z TZ =1
D:{(x,y):x2+y2 =8}, la hinh trdn tam O, ban kinh R =+/8. T. L-

22(x.y) .
V = fjidxdydz = fixdy i dz= figyB - (<2 +y?) £+ y))fxcy.

\ D 71(x,y) D ¢

Qo

Dingt al, ¢ ¢ x=rcosq, y=rsing Vv, i [J/=r. Vdy
jﬁg\/ 9-r —Erzordr— 3p (Lvtt). #
¢
0

b. Mit sX ong dAng ¢ hZc
Kh i I€ ngriéng r(x,y,z) tdi Lilm M(x,y,2) TV, r(x,y,z).
* KhXi | ung vot tho V:

O:z.c

m = {ififi r(x, y, z) dxdydz. (2.45)
v

* TZa Litrzng tOm Xg,yg,2g C aV:

Xg = %ﬁﬁﬁ Xr(x,y,z)dxdydz,
ﬁﬁﬁ r(Xa y, Z) dXddea (246)

””ﬁ zr(X,y,z)dxdydz.

nic bi t, r(x,y,z) =r=const (vdt " ng chhlt),

ﬁﬁﬁ dxdydz (2.47)

1... 1
Xg ——nnnxdxdydz Ve :vnnndedde’ Zg = v

v
V: la thW t2ch vdt thW V.
VidA2.19. Tinht al, tr ngtom vdt thW " ng chblt gi i hin b’ i c8& mHAt tr,
parabolic y=x% vacacmit y=z, z=0, y=1.

Gii. MHtde ivamittrénc avdtthWla z=0 vaz=y. Taco

11y 1 1 A
V = fiifj dxdydz = fj dx f dyfjdz = jdx fj ydy =...=—.
\4 -1 2 0 -1 2 5
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NNN

T. nh " i x ng, fiffj xdxdydz = 0.

\%

v
1 1y 11 4
fifi y dxdydz = fj dx fj dyfjydz = {j dx {j ¥ dy- :7
-1 x2 0 -1 ¥2
1 1y 11 V2 5
fifi zdxdydz = jj dx {j dyfjzdz = fj dx {j 7dy:... :7
-1 ¥2 0 -1 2

\

Hinh 2.19. MiZn € V2dA 2.19

5 50
Vdy (X z 0 #
y (X6.¥6:26) = 202750
Ch, a bai tdp.
ns.19.c)0; 20. f) 7/60; 21: c) p(e-2); d)16a%/9.2a%(p-2).

b) Thlo ludn - Viflt ctng th. ¢ chuyWn TP b, i ba sang TP Itp, cdn ¢, a bi/jn
Xtre c,cdng abinysaurilJng az; Th t khSc.
-Néum, ts” L ibint ngqustv, i miQn lbly TP ¢ thw
(khong tinh TP).

)T hec VD 2.13;

d) Bai tdp B tr :

Taili u Taili 1], tr....
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Ch€hng, m, c: 2
Tiftth :31-35 Tufnth : 7
MAc L2ch, yéu ¢ u:
1 Thelyl i2chlHcbi tg al’ ibintodl, cfu
1 Khin“on°nd¥%ng L ibi/n Tn cfu.
1 L i2chg aTPph, thu cthams
- Hinh thoc tY choc & y hic:
Hinh th cch y/u: LT thuyft, thfo ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t-T. h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
82.2. Tich phén b, i ba (ti/]p)
8§2.3. Tich phan ph, thu, c tham s’

§2.2. TICHPHAN B, | BA

c. nYibiAn tfa Li ¢ u (1 tift)

* Tya Li ¢ u. Cho_ ng m, i LiWm M(x,y,z) trong h* tr ¢t al, Descartes
vudng goc Oxyz v, ib, bas (r,q,J) nhe Hinh 2.16, € cg ilatfalicd uc a
LiWm M.

Gctal O ngvir=0,qvajtuyy.

C8&c LiWm con IYi trén tr, c Oz c- rx8c L'nh, g tlyy, j =0 hotic j =p.

n iv ic8LiWmconldic- tehng ngl-1gi atal c cvatal cfu:

y3-0z={(r,q,J): 0<r,0¢q<2p, 0¢ j<p}.

(ClIng c- thWch nkholngbiJnthiénc aq la -p¢qg<p.).

éx =rcosqsin j
1y =rsingsinj (2.38)
Yz =rcosj
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v

Hinh 2.16. T2a Lt ¢ u
Nhon x8t. Mt s™ tai li u KT hi u g-c XOMj la G, géc ZOM la g. Tuy
nhién, ta ky hi u nh€ tren LW pht h' p v, i nhiQu tai I u kh&c, v'" Lic bi t la ph
h p v, i c& phFn mQm t2nh to§n hi' n LUi.
HaN ic-t al, (cfFu) (6300, 108,69) ( LOyg-ctnhtheol, ).
* nYi bidn sX dung tZa Li ¢ u. D¥ng L i bijnt al, cfu (2.38) LW t2nh t2ch
phan b, i ba rbit hi u qul. ' nhth ¢ Jacobi ¢ a ph®p L i bi/jn Ia:
gcosqsinj -rsingsinj rcosqcos jg
l= detgsin gsinj rcosgsinj  rsinqcos j ﬂ =-r’sinj (2.39)
g cosj 0 -rsinj
I = iifii f (X, y,z) dxdydz
Y%
= fiifi f (rcosgsin j,rsingsin j,rcosj) rzsinj drdqdj . (2.40)
Vi
Cong th, ¢ L¥%ng kW c[ khi miQn V ¢6 ch. a nh_ ng LiWm trén tr, c Oz.
Trong tr€ ng h p miQn cho* Hinh 2.17 thi:
@ Ji1G) r2(ad)
I=fdg j dJ f{j f(rcosgsinj,rsingsinj,rcosj) r?sinjdr. (2.41)
q  §110) n@Jg)
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Hinh 2.17. X8c Linh con t2ch phOn bii ba trong tza Li ¢ u

X8c L nh c8c cdn t2ch phOn: Xem [1].

TZaLicd uco gidn

nW t2nh t2ch phén.b, i ba ng€ i ta cing hay ding ta Li ¢ u co gidn:
eéx =arcosqsinj,
iyz brsingsinj,

. (2.42)
tz=crcosj, (a,b,c>0).

Leuy ring khi L- [J|=abcr?sinj, tal€ ¢

| = abciifji f (rcosgsin j,rsingsin j,rcosj) rzsinj drdqdj. (2.43)
Vi

VidA 2.17. Tinh tich phan fif

1
v /x2+y2+22

dxdydz v, i V 1aphfngi, i hin

b i 2 mht cfu

(S): X2 +y?+7% =1,

(S,): x2+y2+22:4 (220).

nim ph?a trén mHt ph3ng Oxy.

Gi i. X@t ph@p L i bi/jn
éx =rcosqsin j
ly=rsingsinj  taL€ clil=rsinj.
}z=rcosj
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Trén (S)): (rcosqsin j)2 +(rsingsin j)2 + (rcosj)? =1U r =1,
Tehngt ,trén (S,):r=2

\

2
di

N
©

p

T L- 1= fdg

—1|H

r?sin j dr = 2p(-cos ) |52 §—o‘1 =3p. #

o S
o S
=1 3 \V]

Ta nén ding kiWu L i bi/n nao cho bai toan tich phan b ibac, thW?

Theo kinh nghi m ¢, a ch¥ng t2i, LiQu nay ch, y/u d a vao miQn Ibly t2ch
phan.

§2.3. TICHPHANPH, THU, CTHAMS

2.3.1. T2ch phon th€ ng ph, thu cthams’

ninh nghea. Cho f(x,y) x8c L' nh trén D =[a, b]3[c,d] saochov. im iy
¢ 'nhtrenLoln [c, d], hams™ f(x,y) kh[ t2ch (theo biJn x) tr°n LoUn [a, b]. nkt

b
I(y) = {f (x,y)dx, y I'[c, d].

a
T2ch phon I(y) L€ c g i latich phan phA thuic tham sXy. (La ham ¢, ay).
d
J(x) =T (x,y)dy, x T[a, b].

C
ninh IT 2.3. NJju f(x,y) 1a ham lién t, c trén D =[a, b]3[c, d] thi:
(i) I(y) 1a ham lién t, ¢ tr°n LoUn [c, d], J(x) la ham lién t, ¢ tr°n LoUn [a, b];
(i1) I(y) 1a ham kh[ tch trén [c, d], J(y) 1a ham kh[ t2ch trén [a, b] va

d b b d
AAyRf(x, y)dx = fdx{jf(x,y)dy (2.51)
C a a C

(cong th c L' ith t Iblytch phon).

(iii) Ngoai ra, njju gil thi/jt thém ring HY) ¢ t"n tli va lién t, c trén D thi
Hy
d & - HF(X,Y) c
li(y) = ——¢ff(x, y)dxu =fj———=dx, "y I[c, d] (2.52)
% g, ioa W
(cong th ¢ LYo h"m d€ i dblu t2ch phen).
Chong minh (&)
VidA 2.20. Tinh céc tich phén
1 p _ya 1
i) I1=f5—"_dx (0O<a<b), ii)J= nd_x“ (0<a).
0 In x o (x“+a%)
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Xb _ya b 1ab "’
G# i. i) Nhdn thbly ring =fix’dy Y I = naenxydyodx
a Oga +

Apd, ng clng th ¢l ith t Iblytich phon taLil/n

I-naenxydxody naex ooy n L dy Inu
0 a+l
agO -
i) Xublt ph§tt L3ngth c
1
J@) =j de Zzlarctanl, NtacdlL
Ox +a a a

trongL- A, L lanh ngs déhngbbltks, A< L.
Ap d, ngctngth ¢ LY hm d€ idbu tich phéntal€ ¢

1
Ji(a) = n“a;odx n;dx ! arctani—l !
Ouagx +a 0(x +a) a? a aa’+1
1
Y J=J,()= f ! S dx = 13arctan1+;. *)
O( a?) 2a a 2a’(a’+1)

Vi 7, L dehng thy y nén (*) L¥%ng v, im iad€ehng.

Ja(a)= Ay
T R

2.3.2. Tich phan ph, thu cthams’ v, icdnla hams’

v(y)
Ily)= f§ f(x,y)dx
u(y)
trong L- h™m s f(x,y) x8 L' nh trén hinh ch. nhdt [a, b]3[c, d], cdc ham
u(y), v(y) x8c L' nh tr°n Loln [c, d] va nhdn gi§ tr tren Loln [a, b]:

atu(y)¢hb, a¢v(y)¢th, "yI[c, d].

ninh IT 2.4. NJu ham s f(x,y) lién t c trén hinh ch_ nhdt [a, b]3[c, d],
cac hams™ a(y), b(y) liént, ctren Loln [c, d] va nhdn gi§ tr tr°n Loln [a, b] thi

(i) 1(y) 12 ham lién t, c trén [c, d].

§ d av(y) 0 (y)u f(x,y)
(i)  —e f fx,y)dxo= fj ——==dx+f(v(y),y)vi(y) - f(u(y),y) ui(y).
Y&uw 2wy

sinx
VidA 2.21. T2nh LYo ham ham's™ f(x) = i sin(tx)dt

X
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sinx
GH i. fi(x) = fi tcos(tx)dt+sin(xsinx)cosx - sinx?. #
X

2.3.3. Tich phansuy r. ng ph, thu cthams’
Xét tich phan suy ring v. i cdn vt hin ph, thu, ¢ tham s’

e}

1(y) = i f(x,y)dx (2.54)

a
trong L6 f(x,y) laham's” x8c L' nh trén d[i v2 hin [a, + @) 3[c, d].
ninh nghea. Gil's T n tdi t2ch phen
b
lh(y) =fif(x,y)dx "y I[c, d], "b>a.

a

* Tich phan suy r ng (2.54) g ila hii t\ tdi y T[c, d] nju ¥ n tdi gi i hin
h u hin

b
bliTc Iy (y) = inan Qf(x,y)dx =1(x).
C, thwla:
"e>0, $B>0:"b>BY|[ly(y) - I(y)|<e.
* Tich phan suyr. ng (2.54) L'€ ¢ ¢ ilahii t\ LZu tron Lobn [c, d] nfju
"e>0, $B>0:"'b>B, "y Ic, d] Y [I,(y) - I(y)|<e.

NJJu tich phén suy r. ng I(y) h, it LQu tr°n Loln [c, d] thi cing h it LQu
tren Loln con [a, b] bhit k8¢, an-.

ninh IT2.5. NJu t n tdi ham g(x) sao cho
() [foy)| ¢ g(x) "x Ta, +=), "y I[c, d],
+0

(ii) Tich phansuyr, ng f§j g(x)dx h it

a

thi tich phan I(y) h it tuy tL iv" LQutrén [c,d].

+a .
Vi dA 2.22. Xét tich phan 1(y) = ff —Ydx.

o L+x2+y?
Ta thbly | _sinxy |o 1 "'y; tich phan +r”: dx h it . Vdy tch
‘1+x2 +y2‘ 1+x2 7 o 1+x? S
phOn L& choh it LQutrén y. #
ninh IT 2.6
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a) NJu ham s* f(x,y) lién t_c trén [a, + ©@)3][c, d] con tich phan suy r ng
I(y) =fif(x,y)dx h it LQu tr°n Loln [c, d] thi I(y) 1a ham s" lién t c trén
a
[c, d].
b) V. inh_ nggil thit" phfn a) thi
dg+e 0 tagd 0
ﬁg f f(x,y)dxgdy: f gﬁf(x,y)dygdx (2.55)
cCa - agc -
(Congth cL ith t Iblytech phon).
c) Gil' s
*f(x,y) lién t, ctrén [a, + ©)3][c, d];
* Tich phéan I(y) = ff(x,y)dx h it v im i yI[c, d];
a
uF(Y) ¢
Hy

* nlo ham riéng “ntdivaliént ctrén [a, +a)3[c, d];

+o
* Tich phan HOOY) b b it eQu trén [c, d.
Ly
Khi L-
+a +a
d i FOGy)dx = HOOY) gy wy T, d] (2.56)
dy . "\
(Cong th ¢ LYo h™m d€. i dblu t2ch phon).
Ta thbly ctng th, ¢ Lo h"m d€, i dblu t2ch phan kha gi' ng v, ictngth ¢ Lo
h™m d€ idbluf ng x8t LJn" Gi8o trinh Gili txch 1.
L. uy. Thit ¢l c§c L' nh nghea, nh chbltv. anéu” trén vQ tich phen suyr, ng
V, i cdn v hln vXn con L¥%ng khi chuyWin sang tch ph€n suy r,_ng c, a ham khong
b chitn trén LoYn h_ u hln. n, ¢ gi[ c- thW ph§t biWu c8c L' nh [T cho riéng minh.
VidA 2.23. Tinh céc tich phén

9 —ax -bx

i) 1= ﬁ%dx (@ b>0),

+o )
ii) 1= fj e dx (tich phan Poisson-Euler).
0

G# i. i) Khdng hin chj] f ng qust coi 0 <a <b. Xét tich phan
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+a

I(y) = ne'deX—— (y>0).
0

+0

Tathbly 0<f(x,y)=e™¥ ¢e ™, tichphan f e ®dx h it .
N
a

Vdy I(y) h, it LQu trén [a, b]. Lbly t’ch phén hai v/ ta L€ ¢

b +a +a b +a _ax e_bx bl

ndyneyxdx—n dxfje” yxdy—n—dx:ﬁ—dyzlnyg
X y

a 0 0 a 0 a

T L- I=In(b/a). Cong th cL¥ngcl khi0<b<a.
+a ’
i) Nt x=ut, (u>0),tal€ c I=ufje™ < dx .
0
2 Qo . ¢ -
Nhan hai vijv. i e™" r i lbly tch phén tr°n Loln [0, + &) :

+a +a

a 2™ 9 0 tag +e W2 _y22 , 0
i e uIdu—ﬁg e’ fie “deod:ﬁgﬁ et X dx ddu
0 0¢ 0 ks 0¢ 0 A
VI tr§ila 12. n ith t Iblytch phen® v phlita L€
+aé+o 2 2 6 B
17= 2 fue™ ®dugdx = ln dxzdx:Eleﬁ.
og 0 9 2 5 1+x 4

Nhon x@t. Chung ta nhdn L'€ ¢ tich phan Poisson-Euler n' i tifjng hay dung
trong Ly thuy/Jt X8c sublt:

+a

ﬁe'xzdx:\/ﬁ. #

-g

Vi dA 2.24 (Ham Gamma (i(x)). Ham Gamma x8c L nh theo ¢ng th ¢

G(x)=f{t*"edt (x>0).
0

Tre chittac-

e}

1
G(x) = fjt* e 'dt + jj t*""e'dt = Gy (x) + G, (X).

0 1

Sau LGy I"m, ts" tnh chbit ¢, a ham Gamma.
*G@) =1 *G(n+)=n! (n=12..)
*G(x+1) =xG(x) (x>0) *6218:\/5.
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G

O Qe

Ch, a bai tdp:

OO

1
2

o =z 0
(=

2 29
e™" 2udt=2fje™" dt=2.
0

*/B:\/B. #

2

22:b) 4p(R°-r°)/15; c)87/5; e) p/48.
23. a) pa®/240; b) 32p/3.

TOM TdT CHhuNG 2 (T. h ¢)

TOM TdT CHhwNG 2

ab 0 ad 0
T il hO)-k(y)dxdy =gfih(x)dx0.2fj k(y)dyg
Céach [a,bP[c,d] Ca - Cc -
tinh b ya2(x)
1 fif f(x,y)dxdy =fidx f{ f(x,y)dy
{atxeb,y, (x)¢ytya(x)} a  yi(x)
1 x=x(u,v), y=y(u,v), (u,v)IDj, D=Dj thi
L i f (x, y)dxdy =fff (x(u,v), y(u,v))[3|dudv
n i b D"
?'ﬂg 1 DL ix ngquaOx thi
quat - %Zﬁﬁf dxdy, f(x,y) ch¥nvii biOn y
i f dxdy =1 D
D Lo, f(x,y) ITviibion y
TP mi |1 Dlahinhquit: x =rcosq, y=rsing
kép bi/n b 1)
toY Mf(x.y)dxdy =fdg fi f(rcosq,rsing)rdr
L D a n(a)
CC |9 Dlam tphfnc aellip:Dungtodl, ¢ cco gidn
1 DT m{nhph3ng: dt(D) = fjjdxdy
D
T KL: m=fjr(x,y)dxdy
D
. ng |1 Tr ngtom: G(Xg,Yg), Xg :iﬁﬁxr(x,y)dxdy,
d. ng mp
DT mht cong: dt(S) = i y1+ (F4)2 + (f))? dxdy
D
1 TThinhtr, cong: V = {iif(x,y)dxdy
D
TP 22(x.y)
b i ?ﬁ]chh T nnn’ fdxdydz =fjfdxdy f{ f(x,y,z)dz
ba {3 80u) oA
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b ya2(x)  za(xy)
T ffif fdxdydz=fjdx i dy [ fdz
{atxeh,y, (x)¢yeya(x) a  yi(x)  z1(x.y)
71 (xy)¢z¢za(xy) }
b
T ififf(x,y 2)dxdydz =fdx fji f(x,y,z)dydz
\Y a  S(x)
T x=x(u,v,w), y=y(u,v,w), z=2z(u,v,w), V=Vj
AR T AV = fifii £ (x(u, v, w),y(u, v, w), z(u, v,w)) J|dudvdw
n i v Vi
bijn |7 VL ix ngquamhtOxy thi:
t ng
quat ,?\ ififi f dxdydz nlu f(x,y,z) ch¥n vii biln z
Mffdxdydz=71 v
v Lo nOu f(x,y,z) [T vii biOn z
.. | VIahinhtr, cong, hinh chifu Ién Oxy la hinh qut:
n i
bi azz(X y) )
¢ lllﬂlr_] i fdxdydz =fe f f(x,y.2) dZOdXdy
o v D Ez1(xy) 0
Ding tod L, ¢ c LW t2nh t2ch phon k8p thu € ¢
V la phfn hinh cfu:
n i X =rcosqgsinj, y=rsingsing, z=rcosj, I=
bi/n
tod L, | a2 JiG) r(ad)
cfu fda i di i f(rcosgsinj,rsin qsinj,rcosj)rzsinj dr
S ORLICH)
1 Thwtch: V =i} dxdydz
v
1 Khil€ ng: m = fififi r(x,y, z) dxdydz
. g \Y
d" ng Tl Tr ng tOm: G(XnyszG):
Xg = i [Xr(x,y,z)dxdydz, ..
m|
b) Thlo ludn -Liénh todl, Dv itodl, cfu.
- Cong th, ¢ L i bi/Jn T cfu
- X8c I nh cdn t2ch phén trong Tn cfu
)T hc VD2.37; VD 240
d) Bai tdp B tr :22(d); 24(c, d, e, f, h); 25.

Tailiu

Tai li u 1], tr....
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Ch€hng, m, c: 3
Ti/it th : 36-40 Tufnth : 8
MAc L2ch, yéu ¢ u:
1 T2ch phon L€ ngt loti I: Ndm '€ ¢ ¢ingth ctnh, vai_ ngd, ng.
1 TP L€ nglodill: C& cingth ctnh, C&chnh vaapd ngg a
cong th ¢ Green. niQuki n TP, cldp v, i€ ng Ibly TP.
- Hinh thoc tY choc & y hic:
Hinh th ¢ ch y/u: LT thuyft, th{o ludn-t h ¢, t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t-T. h ¢, t nghiénc u: 5t
- nfla Lidm:
Gi[ng '€ ng do P2 phon cng.
- Nii dung ch?nh:
A 3.1T2ch phon '€ ng lodi |
A3.2. T2ch phon '€ ng lodi 11

Chehng 3
TICH PHAN nh' NG - TICH PHAN M T

§3.1. TECHPHAN nh' NGLOyI M, T

3.1.1.M Lfu

a. Bai toan khXi | wng L yng cong vot ch t (xem [1])

b. nfinh nghea. u =f(M) x8c L' nh trén cung L = B e ngcong liént, c
trong khdng gian, khéng t cdt, (c- L dai). Chia B thanh n cung nh b i c8c
LiWm chia lién tiflp Ag=A, A;,..., A, =B. G i L daicung A;;A; laDs;. Trén
cung A;;A; ch nLilim M; tiyy. Ldp t ng TP

n
I = & f(M;)Ds;
i=1
NJu khi n — & sao cho MaxDs; — 0 ma t ng tich phon dfn L/n gi, i hin
i=1,...,n
h. u hin 1 x8c L nh, khing ph, thu c vao cach chia cung B va cach ch n c§c
Livm M; thi:
+Gi ihUn 1€ cg ilatchphon L yng lo'i mitc aham f(M) trén cung
2B va ky hi u la i f(M)ds (hay f(M)ds, {jf(x,y,z)ds, fjfds..).
2B L L L
L. uy. Trong L' nh nghga c- n-i L/jn L'€ ng cong c- L, di, I" '€ ng cong
thing th€ ng ta v¥n ghp, coim i€ ng congtax@t LQuc- L, dai.
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C. NiZu KiMn tQn # i. NJ/ju cung 2B gi i n i, trhn t ng kh¥c, con f(M) b
chin va liént, ¢t ng khtic trén &B thi ham f(M) kh[ tch trén £B.
d. Tinh chn t
i) T2ch phon '€ ng lodi m t khing ph, thu cv'oh€ ngc al€ ng cong:
i f(M)ds= i f(M)ds.
B &R

i) T2ch phon '€ ng loYi m t c- c8c t2nh chbit kh§c gi” ng v, i tich phon x&c
I"nh thing th€ ng nhe€ t2nh chblt tuy/n t2nh, h* th ¢ Chasles, x8c I nh dehng ...

e. Y nghea hinh hic - ¢ hic
* ChiZu dai s ¢, a cung AB 6 thil nh thing qua t2ch phén L€ nglolim t:

s={j ds. (3.2)
B

* DilMn t%ch cva boc rém (hay hang rao) (Hinh 3.1) cho b’ i

L

f(z,y)

N

Hinh 3.1. Boc rem

S={f(x,y)ds
c

* NJu cung vdt chbt &B c6 kh' i I€ ng riéng r(M) =r(x,y,z) tdi Lim
M(X,Yy,z) thikhXi | wng L yngcong '€ ctnhb icingth ¢

m=f r(x,y,z)ds. (3.3)
B

Trzng tom G(Xg, Yg, Zg) C acung B x§c L' nh nhe sau:
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be
®
1

yr(x,y,z)ds (3.4)

3|~ 3| 3|k
3 =

) ) ) ) o) ) ) (D
N <
® ®
1

3.1.2. Cach tinh
BB x=x(t), y=y(t), z=z(t), a¢t¢b. Khil-

b
i f(x,y,z)ds = ﬁf(x(t),y(t),z(t))\/xiz(t) +yi2(t) +zi?(t) dt. (3.5)
B a

B th ¢ ahams y=f(x), a¢x¢hb
b
i F(x,y)ds = {f (X, YOOI+ yiZ(x)dx. (3.6)
) a

Vi dA 3.1. Tinh tich phan | = fj/x? +y?ds,
L
L 1" L€ ngtron x2 +y? =ax (a>0).
g 2

ao _a’
Gii. L:gx-—§ +
% 29 Y’ e

X®t ph@p L ibint al, ¢ ¢ x=rcosqg, y=rsing.

Ph€hng trinhc, aL la r=acosq, - P ¢ qe¢ E , suy ra ph€hng trinh tham s’

il = —asin 2
¢ an- Iaffx acos’q T L %Xl asin qu| +yi = a2 Vdy
Ty (a/2)sin2q fyi=acos2q
p/2
1= Va’cos?qadq = 2a°. #
-p/2
§3.2. TECH PHAN nh' NG LOY/I HAI
3.2.1. M Lfu

a. Bai toan cong cva Ixc bidn LYi (C¥ng LEc sach)
Ta bi/jt ring, n)]u chblt Liwm di chuyWn tren Loln thing AB d€, i t§c L, ng
¢ al ckhingl i F thi congc, al csinhrala ABYF.

T ng qu§t hi n t€ ng nay (xem [1]) ctng nhiQu hi n t€ ng vdt IT kh§c
ng€ itad¥n L/n kh§i ni m TP '€ ng loYi Il sau LOy.
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b. ninh nghga. Trong mit ph3ng Oxy x@t '€ ng cong'nhhe ng L = 2B
(chiQu Lé ngcong Lit A L}]n B). Cho P(Xy), Q(x y) la nh. ng h"m x8&c L nh

trén &B. Ldp h™m véc th F= P(X, y)| +Q(X, y)J Chia B thanh n cung nh
b ic§c Lilm chialiéntifp Ay =A, A,..., A, =B.

G i hinh chifju 1én cac tr, ¢ Ox, Oy ¢ a v@c th :i\ "R - IFn I€ t 1a Dx;, Dy;.
Lbly Liwm M; tuyy trén cung A;_,A; . Ldp  ng tch phén
99999 N

nd
= &F(M) YA A, = &[P(M;)Dx; + Q(M;)Dy;],
i=1 i=1

Nfju khi n — & sao cho Max |Dx| Max |Dy,| — 0 mat ng I, dfn Ljn

gi, i hin I h_ u hin x8c L' nh, khing ph, thu cvao cach chia cung #B cach ch n
c8c LiWm M; thi:

+ Gi i hin 1€ ¢ g il tch phén '€ ng loli hai ¢ a c§c ham P(x,y),
Q(x,y) (hay ¢ atr€ ng vec th F(x,y) =P(x,y)i+Q(x,y)j) trén cung B va
ky hi ula

i P(x,y)dx +Q(x,y)dy hay fj Pdx +Qdy hay fPdx +Qdy;
B B L

+ C8c h'm P(x,y), Q(x,y) L€ c g ilakhl tech trén B,

Cha y. T2ch phtn I'€" ¢ vifjt Lhn gi[n hhn khi th”"nh phfn P (holic Q) tri t
tiéu, cIng nh€ khi c- th as” chung:

i Qdy (hokc fj Pdx); fj HPdx +HQdy = fj H(Pdx +Qdy).
B B B B
C. NiZu KiMn tQn ¢ i

Nju &B I '€ ng cong lién t, c, trhn t ng kh¥c, c§c ham P(x.y), Q(x,y)
lien t ¢ holic lién t ¢ t ng kh¥c va b chin thi tich phan '€ ng loli hai

i Pdx +Qdy t" n tdi.
B

d. Tinh chn t. + ChiQu '€ ng cong c- vai trd quan tr ng: NJju '€ ng cong
'€’ ¢ Ibly theo chiQu ng€ c Idi thi tich phan '€ ng lodi hai cung tr tuy t L i
nheng L i dblu:

fj Pdx +Qdy =- jj Pdx +Qdy.
2B BR

+ Ngo”i ra, TP L€ ng loli hai cIng c- c§c t2nh chbit kh§c ¢, a TP x§c L' nh
thing th€ ng.

e. Y nghja ¢ hic.Conggal c F= P(x,y)\iJ+Q(x,y)\Jf t8c L ng trén
'€ ng cong (L' nh h€ ng) trhn t ng khtic B chob i
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W= fj Pdx +Qdy.
B

3.22. M ilien h gi ath phon '€ nglobi m tva lodi hai

Gi['s L€ ngcong L nhh€ ng L trhnt ng khtic va tdi Lilm M(x,y) c- vBc
th tifjp tuy/Jn Lhn v T(M) = (@(M), b(M)).. Khi L

iiP(x, y)dx +Q(x, y)dy = fi[P(x,y)a(x,y) +Q(x, y)b(x,y) ]ds

L L
hay m, t c8ch t€hng L€hng:

AP(X, y)dx +Q(x,y)dy = j E(x, y) th(x, y)ds=j Fytds.

L L L

M ts tai li uding v/] phlic aPTn"y I"'m L'nh nghea (va ky hi u) ¢ a
t2ch phon L€ ng lodi II.

3.2.3. Cach tinh

a. n_yng cong cho d. ai d ng tham sX. NJu '€ ng cong L = A8 cho de i
ding thams : x =x(t), y=y(t),a¢t¢b,(t=a _ ngv iLiWmLfuA, t=b_ng
v, i LiWm cu” i B), c& ham x(t), y(t) lién t, c, kh[ vi t ng kh¥c, P(x,y), Q(x,y) la
nh, ng ham lién t. c trén L thi

I ={P(x,y)dx +Q(x,y)dy
L

b
= AP, YO xi(t) +QEx(), y(B) yi(t)]t . *)

b.n_yng cong chod aid ngph _ng trinh hiNn.

+ L:@:y:y(x), at¢x¢hb,yx)laham lién t c, kh[ vit ng khc, x =a
ngV ililmLFuA, x=b_ngv iliWmecu iBc al€ ng;

+ P(X,y), Q(x,y) lién t, c trén L thi

b
1= {iP(x, y)dx +Q(x,y)dy = {i[P(x, y(x)) +Q(x, y(x))yi(x)]dx
L a

Chay. * NJu L€ ng cong ch€a c- ding tham s~ thi khi Ibly tch phon '€ ng
lodi hai ta phli tham s h-al'€ ng cong.

* Trong khong gian, cing NN TP '€ ng lodi hai ¢ a c§c ham P(M), Q(M),
R(M) (hay ¢ a tré ng vec th F(M)=P(M)i +Q(M)]j+R(M)K) Iy tron L€ ng
cong L'nh h€, ng L:

| =[iPdx+Qdy+Rdz.
L

Céc tinh chbit, c§ch tnh ... tehng t v i tr€ ng h p L€ ng cong ph3ng,
ching hin, ctng th ¢ (3.12) tr thanh:
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P dx+Qdy+ Rdz
L

b
= [P Ox(®), y (1), () xi(t) + Q(x(1), y(1), (1)) yi(t) + R(x(t), y (1), 2(1)zi(t) ] dt.
a
VidA 3.2. Cho tich phan I ={j(x +y)dx + xydy.
L
(@ VEm ts vBcthg atré ng F.
(b) Tich phan mang dblu gi khi L la cung n” i O(0,0) v. i A(1, 1) theo:
(i) cung parabol y = x2; (i) LoUn thing AB?
Hay tinh giatr ¢ a | LW kh3ng L' nh nhdn x@t v. a I'€a ra.
GHi. (@) F= (x+y, xy) (Hinh 3.3- n. d"i c§ vec th LA L€ ¢ co 5 Ifn).
(b) Tathbly toan b, chuyWn L, ng LQu xuti theo tré ng, vdy 1>0.
C., thw: TiJjp tuy/]n ¢ al€ ngconglQutiov ivecthg atr€ ngm tg-cnh n.

M is hlng F(M )Y%\, 1&" trong t ng t2ch phen LQu d€hng; t ng tich phén clng
vdy, v do L- t2ch phOn s€ d€hng.

i) Trén cung B thi :xz,vd
() g y y

1

I = f(x +x% +xx%.2x) dx = 27
) 30 '
(ii) Tren LoYn AB thi y=x,
vdy 0.5

- 4
I=f(X+Xx+xxX)dx=—. #
0 3

e |

O

Nhdn x8t. n"i v i tré ng LA

cho, TP tr°n hai € ng cong n'i O inn 3.3 Tr yng € V2 dA 3.2
V. i A cho ra hai kfJt qul” kh&c nhau. i

3.2.4.Cong th. ¢ Green

Nhdc 14i v I'€a ra v'i kh§i ni mph, tr .

* Mizn lién thong. MiQn E E <" '€ ¢ g il li°n thing (li°n thing I'€ ng)
nju ta c- thW n" i hai LiWm bbit ki ¢, an- bingm t L€ ng gdy khlic nym hoan toan
trong E.

N/u E m" thico thWthay ¢ mt fAL€ ng gay khic” bing fl'€ ng cong trhn
t ng khac”.

* Mizn L_n li°n. MiQn lién thong U trong y? '€ ¢ g i 1a m t miQn Lhn
lien nflum i L€ ng cong kan, c- L, d”i (Lo '€ ¢ Jordan) L'Qu bao b ¢ m t miQn
nim ho'n to"n trong U. N-i c&h Lhn giln, miQn Lhn li°n I" miQn "khing c- I
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th, ng" va khong thW ch a hai mXu riéng bi t. MiQn khtng Lhn li°n (miQn c- "I
th, ng") 1a miQn La lién.

A |

\ ] I '/ \

\\ / \ \ 1
/7 \ 7

\\N ’/ N S /I
- Se _

Hinh 3.4. MiZn lién thdng(a,b) - khdng lién thong (c)
L nli°n (a), nhil lién (b) trong y?

*H ang d._ ng ¢ abién ¢ amiQn lién théng D - Lhn li°n cIng nh€ La li°n
-I"h€ ngmam tng€ ilitheo h€ ngL- s€ thely phFn miQn D gfn nhblt lutn
bén trai. (Xem Hinh v€)

D

Hinh.H angd _ ng cva biéncva miZzn L nli°n (a) v" nhi lién (b)

ninh IT (Ctng thoc Green). Cho D 1a miQn L-ng, b’ chin, lién théng, c6
bien Lg'mm ts h uhln € ng cong k?n, trhn t ng khic, f i nhau L'tim tva
c- h€ ng dehng. Gi['s P(x,y), Q(x,y) v~ c§c LUo ham riéng cblp m, t ¢ a ch¥ng
lanh. nghamliént ctr°n D. KhiL- tac- cIngth ¢

~ NN P Ve
i Pdx+Qdy = nn%ﬁ—“— ydxdy . CACH NH, !
L DC’ |"l |Jy_

Chong minh. * Gi['s D la miQn Lhn giln, " L- m i '€ ng th3ng song
song V. itr, ¢ Ox hottic Oy s€ cdt bién L ¢ an- tdi khing qu§ 2 LiWm (Hinh a).

Ap d, ng ctng th ¢ chuyWn t2ch phon k®p sang t2ch phon Ip ta '€ ¢

UP b ya(x) u )
rI]Dn—yd dy = fjdx [(] )—dy nP(x y) |§ zf(x) dx
a y1(X
b b

= {P(X, Y2 (X))dx = P(X, y; (x))dx.

a

Theo c§ch t2nh t2ch phon € ng loYi hai, v/ phli la



i PX,y)dx- § P(x,y)dx= [ P(x,y)dx =-{ P(x,y)dx
AmB AnB AmBnA L

&

¥

i ¥y lx)

B
-

I
|
o a b x= o X
Hinh. Mizn L_n g# n (a), hinh thang cong (b), va mizn La li°n (c)
Tehngt , J= ~ﬁt_QdXdy =1 Q(x,y)dy

Suyra J—I-ﬁﬁg“Q uF)dedy- Pdx + Qdy .

* D la hinh thang cong ¢6 L8y // Oy, t ¢ lam i L€ ng thing Li qua LiWm
trong ¢, a miQn va // Oy s€ cdt bién L ¢ an- tdi L'%ng hai LiWm (xem Hinh), ta
th°m v"o t2ch phén tr°n 2 Lotn CB va AD, ta nhdn '€ ¢ kfjt qul tehng t .

*C8ctré ngh pkhsc: B quach ng minh (xem [1]) Y
Vi dA. Tinh 1= § (e*siny-y)dx+(e*cosy -1)dy Vv, i B lan alé ng
B

tron x2 +y2 =4x (y20), chiyt A(4,0) Ln O(0,0).
Gii. x2+y? =4x U (x-2)? +y? =4.nT C tém (2,0), b§n kznh 2.

B chea kn, tath°m v'o Loln th3ng OA LWLE c '€ ngkn. T. L-,
1=
23

N
OA

_n =
OA

Ao+
@OA

xO| 9)°
-1-O: O
r =a
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L: biénc an atrén ¢ ahinh tron (theo h€, ng d€hng). Vdy,
= fifj (€* cosy - e” cosy +1)dxdy = 2p.

| 11
w)

Trén OAthiy=0Y f§ =0.Témldi I=2p-0=2p.
0A

Nhon x@t. Phehng trinh t al, ¢ cc a B lar= 4cosq, do L - ding tham

s ¢gan-laxs= 4coszq, y =2sin2qg, 0 ¢ q ¢ p/2. Tuynhién, tinh tr c ti/Jp tch
phan 1 dung cong th. ¢ (*) theo tham s’ ¢ s€ kh- khtn. #

3.25.S L cldpg atchphonl iv il€ ng Ibly t2ch phon

Noi chung, TP f Pdx+Qdy ph, thu, ¢ vao A, B cIng nh€ v~o bln thén
B

L€ ngcongn i Av, iB (xem V2d 32). Trongm ts tr€ ng h' p, tch phen
nay ch” ph, thu c vao cac mit A, B ¢ a '€ ng ma khéng ph, thu, ¢ v'o L€ ng
niAv iB.

ninh IT3.2. Cho D l1am, ttdp m', Lhn li°n trong v?.Gil's P(x,y), Q(x y)
clng csc Lo ham riéng ¢, a ch¥ng la cac ham lién t, ¢ trong D. Khi L'- b" n m nh
LQ sau I'" tehng L€hng v, i nhau:

a) HQOGLY) _ WP(x,y)
HX Hy
b) i Pdx+Qdy=0 v, im i '€ ng cong L kan, khing t cdt, trhn t ng

L
khuc nim hoan toan trong D.

v.imi(xy)ID.

c) Tich phan f{j Pdx +Qdy, trong L- B I cung trhn t ng khtc, khing t
B

cdt, n¥m hoan toan trong D, ch” ph, thu ¢ v'o LiWm Lfu A, LiWm cu" i B ma
khong ph, thu ¢ v'o L'€ ng cong trhn t ng kh¥c, khing t cdt, n¥m hoan toan
trongDn iAv, iB.

d) Billu th ¢ Pdx +Qdy la vi phan toan pht n, t ¢ 1a t" n tdi ham u(x,y) c6
c8c LYo ham riéng (cblp hai) lién t, ¢ trong D va du = Pdx + Qdy .

Chong minh. Tas€ ch ngminhtheosh " a) Y b)Y ¢c) Y d) Y a).

*a)Y b).Gi[s LI"L€ ngcongkan bbit ks, khingt cdt, trhnt ng khc,
ndm trong D. Vi D 1a miQn Lhn li°n n°n miQn (h. u hin) G ¢- bién 1a L cing nym
trong D. Theo cong th, ¢ Green ta c-

7 Pdx +Qdy = e b - PP 8gyqy = 0.
L c¢ WX HY=
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*bh)Yc). Gi[ s AmB, AnB I3 hai cung bbit k8 trhn t ng khtc, c- hai

LiWm chung duy nhblt 1a A va B, n3m ho™n to'n trong D. Khi - AmBnA la
'€ ng cong kantrong D. T. ch. m nh LQb) I" L'¥ng, ta c-

0= §{ Pdx+Qdy= [ Pdx+Qdy+ fj Pdx+Qdy
m

AmBnA AmB BnA
= {j Pdx+Qdy- f Pdx+Qdy
AmB AnB

(k) B

Hinh 3.7. Nhung cung nXi A vai B (a): Khéng cat nhau, (b): Cat nhau

Cha y. i) Gil thift Lhn li°n ¢ a mi/n D khing b qua L€ ¢ (xem V2 d,
3.23, 3.30). NJju D khing Lhn li°n thi t kh3ng L nh a) ta khing thWW suy ra c8c
kh3ng L' nh con 14i. Mu" n nhdn L€ ¢ c§c khing L' nh con Idi, ta phli hin chf] xét
trong miQn Lhn li°n con Dj n"o L- ch, atrong D.

i) NJu 1" n tdi h"m u(x,y) c- c8c Lo ham riéng lién t, ¢ trong miQn D n-i
trén sao cho du = Pdx +Qdy thi F=(P,Q) ¢ i latr yng thd, ham u(x,y) g i la
ham thA (ham th)] nkng, ham th/] V) ¢ a tr€ ng, (ch¥ng ta s€ x8t k: hhn vQ
tré ng* Bai §3.5) va co thW ch. ng minh ring

i Pdx +Qdy = u(B) - u(A) 5 u(M)|8 . (3.15)
B
iii) NJu D m", Lhn li°n v' m t trong 4 kh3ng L nh n°u trong n'nh IT 3.4
th amaén, (Kh3ing L'nh (a) d, kiWm tra hhn c[!) c- thW t2nh ham thi] u(x,y):
u(x,y)= fj Pdx+Qdy+C (3.16)
AM

trong L- AM I L€ ng cong tuy y trhn t ng khtc, khéng t cdt, nim trong D n’ i
AV i M,

ntc bi t, nu L€ ng ghip khtic ACM (m. i kh¥c ¢, an- songsong V. i m; t
trong hai tr, ¢t aL, ) n¥m trong D. Vdy

u(x,y) = fj P(x,y)dx+Q(x,y)dy+ [ P(x,y)dx +Q(x,y)dy +C
AC CM
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X y
= § P(x,yg)dx + f Q(x,y)dy +C.
X0 Yo

Tehngt chotré ngh' p khil'€ ng ghlp kh¥ic ABM nim trong D.
Nh€ vdy, njju '€ ng ghlp khtic ACM (holic ABM) nim trong D thi

u(x,y) =

x ¥y X ¥y
JPGyo)dn+ [ QG ydy +C= [P yddx+ [ Qo mdy+C
X0 s\\ 1) 0 Vi L

~

-

“

Wi tri cta chisd “0”

(ch’s" 100 L2nh vao bijn m_ t Ifn,
L'2nh v "o bi/jn nay" txch phén Ibly theo bifJn kia).

»
»

0]
Hinh 3.9. n_yng d" p kh¥c ma mei khic // tric tZa Li nXi A vai M

Vi dA 3.5. Tinh tich phan 1= f e gyzdx+(1+ xy)dyd, v, i B 13 cung
i3]
y=xsin?x Lit A(p,0) — O(0,0).

GHi. P(x,y) =e¥y? ¥ P} =" (xy? +2y);

Q(x,y) =¥ L+ xy) ¥ Qi =€ (2y +xy?).
Vdy Pj = Qj. Cac ham P, Q, Py, Qi liént c. T. L-, tich phOn khng ph,
thu, ¢ v'o L€ ng Ibly t2ch phon, ta ch n Loldnth3ng AOn i Av. i O.
0
Trén AO,y=0nén I= | Pdx+Qdy= {j Pdx =f{j0dx =0. #
AO AO a



Vi dA 3.6. Ch ngt ring bilu th ¢ 6x(e¥ +x)dx + (3x? +y - 2)e¥ dy 13 vi
phan toan phfnc, ah™mu(x,y) n"o L-. Tim ham u(x,y) L-.

Ap dAng: Tinh tich phéan | = ﬁGx(ey +X)dx + (3x2 +y-2)e¥dy trong L- L
L
"€ ng y*+3x3-4x =0 Lit Lim O(0,0) t iLiWm A(L1).

GHi.* Vi E:6xey :E, cac ham P, Q, ﬁﬁ lién t ¢ (trén y?) nén
KX Hy HX My
theo n'nh IT 3.2 billu th, ¢ L& cho la vi phan toan phfn. Ch n (xg,Y,) =(0,0), ap
d, ngctngth c (3.17),

y X
u(x,y) = f§(3.0+y-2)e’ dy +fi6x(e” +x)dx +C
0 0

é X2 X36 2 3
(y - 2)de” +6aey7+?b‘6‘+czey(y—3+3x y+2x3+C.
(;, -

o S <

* Theo (3.15), 1 =u(L1) - u(0,0) =e +5.
Nhdn x@t. Theo ngén ng. ¢, a [T thuy/t tr€ ng, V2d, trén nghea la: Ch ng
u u V]
t F=6x(e’ +x)i+(@x%>+y-2)e¥j I"tr€ ngth]; timhamth]. Timleus ¢ a
tré ng khim_ t chbit Liwm di chuyiint O(0,0) t i A(L1)).

Vi F I tr€ ng thf], t2ch phon L& cho bing hi u hai gi§ tr' ¢, a ham thf] tdi A
vaO: I=u(,1)-u(0,0)=e+5. #

Bai top chuva trén lop

7.p/2.; 8. a=-2; 14.c) -7pa/2; 16.c) 3p/2;d) 3p/4-4.

b) Thlo ludn

¢)T hec VvD3.23 ; VD325 ; VD3.26; VD3.27;
VD3.28 ; VD3.29; VD331

d) Bai tdp (1t) | 3(b); 10(b, c, d, e);

Taili u Taili u[1],tr....
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Ch€hng, m, c: 3
Tiftth :41-45 Tufnth : 9
MAc L2ch, yéu ¢ u:
T Ndm L€ cLiQukinTPL cldpv, i€ nglbly TP.
1 L'mL€ cbaitdp
1 Ndm L€ c kh§ini m tch phén mit lodi 1,10 11
- Hinh thoc tY choc & y hic:
Hinh th cch y/u: LT thuyft, th{o ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t- T h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
§3.2. T2ch phon '€ ng lodi Il (tifJp: S, L cldpc aTP v o L€ ng trong
KG)
Bai tdp t2ch phén '€ ng
83.3.Tich phan m#t lodi |
83.4.Tich phan m#t lodi 11

§3.2. TECH PHAN nh' NG LOY/I HAI
n'nhIT3.2.cing L€ ¢t ngqustsang tré ngh p khing gian.

ninh IT. Trong y3 cho U lam ttdp m', Chn li°n mkt (xem [1]). C§c ham
P(x,y,2), Q(X,y,2), R(x,y,x) c¥ng c&c LYo ham riéng cblp m, t ¢ a ch¥ng lién t ¢
tren U. Khi L'~ 4 m nh LQ sau I t€hng L'€hng v, i nhau.

(a)£:£1 E:E E:Bvs imi(xyzTU.
MX-Hy Hy Uz HZ o PX

CACHNH, !
(b) i Pdx+Qdy+Rdz=0 v, im i '€ ng cong L khing t cdt, kan, trhn

L
t ng kh¥%c n¥m hoan toan trong U.

(c) Tich phan f{ Pdx+Qdy +Rdz, trong L- B cung trhn t ng khc,
B

khong t cdt, nm hoan toan trong U, ch” ph, thu ¢ v'o LiWm Lfu A, LiWm cu" i B
ma khdng ph, thu ¢ v'o I'€ ng cong trhn t ng kh¥c, khing t cdt, nim hoan
toantrongUn i Av. i B.

(d) BiWu th ¢ Pdx+Qdy+Rdz la vi phan toan phfn, t ¢ 1a ' n tdi ham
u(x,y,z) ¢- c8c LYo ham riéng (chip hai!) lién t, ¢ trong U va

du = Pdx + Qdy + Rdz .
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chay. (i) NJu t'n tdi h™m u(x,y,z), c- c§c LYo ham riéng lién t ¢ trong
miQn U n-i trén sao cho du = Pdx + Qdy +Rdz thi tré ng IE:(P,Q,R) gila
tré ng th, u(x,y,z) g i ham ham thJ] (hay ham th/] v', ham th/] ntng) ¢ a tré ng,
va c6 thW ch, ng minh ring

i Pdx +Qdy +Rdz = u(B) - u(A) 5 u(M)[% .
B
(i) NJu miQn D m , Lhn li°n mit va m t trong 4 kh3ing L' nh néu trong
n nh [T 3.3 th a man thi c6 thW t2nh ham u(x,y,z) theo cong th ¢
u(x,y,z) = fj Pdx+Qdy+Rdz+C
AM
trong L- AM I L€ ng cong tuy y trhn t ng khic, khingt cdt, nim trong U n’ i
AV i M,
nkc bi' t, v, i A(Xg,Yg,2g) B(X,Y0,2), C(X,Y,20), M(X,y,2) m™ L€ ng

gbip khts<c ABCM (c§c Lotn ¢ an- Ifn I€ t song song v, i c§c tr, ¢ Ox, Oy, Oz)
nim trong U, thi

X y z
U(X1yyz) = ﬁ P(X!yO’ZO)dX-l- ﬁ Q(X’y!ZO)dy-l- ﬁ R(X,y,z)dz"'c : (317)
X0 Yo 4]

Tehngt v icSctré ngh pkhScc al€ nggblp kh¥icn i Av i M.
(i) Gi[ thi/t Lhn li°n ¢, amiQn U la khong b, qua L€ c.

Vi dA 3.8. Ch. ng t ring y223dx+2xyz3dy+3xy222dz la vi phan toan
phfn c a h™m u(x y,Z) n70 L , tim ham nay. (N6i cach khac: Ch ng t ring
u
F= y |+2xyz J+3xy kI tré ng thf], tim ham th/] v).

Gii. P=y?z% Q=2xyz®, R = 3xy?z?

R rang cac LiQu ki n vQ kh[ vi th a man. Ta c6

= 2:£’£:3yzzzzﬁl
MX Hy Wy Mz [z uX

Theo nnh [T, biWu th ¢ L4 cho la vi phan toan phfn. nit
(X0, Y0,Zo) = (0,0,0), ham th]] v c- thW tnh nh€ sau:

X y z
u(x,y,z) = fj0dx + §0dy + fj 3xy*z* dz+C =xy’z* + C. #
0 0 0

Ch, abaitrénl p.
22.d) -2pa(h+a); 24. c)12p/5;d)0;e) 4pa®/3;f) 4pas;h) 0.
25. p/3.
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§3.3. TICHPHANMATLOYI M. T

33.1.M Lfu

a. ninh nghea. S: mit h. u htn, (c- di n txh),

Hams f(M)=f(x,y,z) x8c L' nhtrénS.

Chia S thanh n m[nh nh, , g i c§ m[nh nay Ia (DS,),...,(DS,,) va di n txh
c. ach¥ng Ifn I€ t1a DS;,...,DS, .

n
Trén mfnh DS; Ibly LiWm M;(x;,y;,z;) tuyy. Ldp t ng I, = §f(M;)DS;.
i=1
Gi d I" L€ ng kinh ¢.a m{nh DS;. NJu khi n—=a sao cho
Max d; —0 macact ng I, dfnLjn m tgi i hin I h u hin x8c L nh, khing
i=1..,n
ph, thu, ¢ vao céach chia mit S cIng nh€ c§ch ch n c8c LiWm M, thi gi, i hin L-
'€ ¢ g i la tich phan m'lt lo'i mit ¢ a ham f(x,y,z) trén S va ky hi u la
iif (x,y,2)dS hay Fif(M)dS hay fijf dS.
S s s

N/ju mHt S k2n thi ky hi' u 1a ﬁﬁ f(M)dS.
S

b. nizukiMn Qn ¢ i. Gi['s ring:
i) MHt S liént, ¢, gi. in i, (c- di nth), trhn t ng mfnh;
ii) Ham f(x,y,z) lién t. ¢ hottc b’ chin va lién t, ¢ ting mnh trén S.
Khi L- T n tdi t2ch phén mit loYi m, t ¢, a ham f(x,y,z) trén S.
c. Tinh chn t. Gi” ng t2nh chblt ¢ a TP x8c L nh.
3.3.2. Y nghoa
a. Y nghea hinh hZc. NJJu mit S lién t. ¢, gi. i n i, trhn t ng mnh thi di n
tich Sc, an- c- thWt?nh theo ctng th ¢
dt(S) = fjjids. (3.18)
s
b. Y nghoa ¢ hxc. NJu kh' i 1€ ng riéng ¢ a mit tdi m i Lilm M(x,y,z)
¢, an- la r(x,y,z) thi:
i) KhXi | tng cvamitcho b i
m={fr(x,y,z)ds; (3.19)
s
i) TrZng tom G(xg,Yg,2g) cocact al, L€ ctnh theo cing th ¢
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Mxr(x,y,z)ds,
s

nn yr(x,y,z)ds, (3.20)

3|~ 3|n~ 3|n~

e
w 31

zr(x,y,z)dS.

3.3.3. Cach tinh

+S:z2=2(x,y), (x,y) 1 D (DmiQn L-ng, gi, in i)

+ z(x,y) c¥ng c8c LYo ham riéng cblp m t zj,, zj, liént, ctrén D.

Khi L-
i (X, Y,2)dS = i (X, Y, 2(X, ) [1+ Zi¢ + zi dxdy . (3.21)
s D

T LHtracingth ctehngt cho c8ctré ngh p khsc.

Hinh 3.11. M'It cho bei ph__ ng trinh hiNn (a) va m'lt € V2 dA 3.9 (b)

Vi dA 3.9. Tinh tich phan I'={jz“dS, trong L- SI" m t phfn t8m mht cfu
s
X2 +y2 +22 =32 (a>0); x,y,220.

GHi. Trén S thi z=+/a? - (x2+y?), (x,y) ID v, i D la phfn hinh tron

tam O, ban kinh anim” g-c phfn t€th nhblt. Tac-

bz _ X b _ y

X \/az —(x2+y2)1 Ly \/az —(x2+y2)
A 2

jApeg apst o

0 =
cuxs  Euy?  a?-(x%+y?)
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ifi (a2 - (x2 +y?)) o’ dxdy
Ja% - (X% +y?)

=a ﬁﬁ\/ — (x% +y?) dxdy.

| = a2 ndqn\/a _r2rar=2P (T al c c). #

§ 3.4. TICH PHAN Mn T LOYI HAI

3.4.1. Mt L' nh h€ ng

Yéu cfuvQh ph8p tuy/n ¢, amit: Bi/jn thién lién t, c.

Phia ma cac phép tuyJn n(M) h€ ng vao l1a phza d__ ng, phia con Ili la
phia am.

z (@ gz“ ) z (©)
VAR %
H H H

Hinh 3.13. Phia cva m'lt: (a) ph?a tr°n, (b) ph?ad ai,
(c) phia ngoai

N iv i mitS cho b i phehng trinh z=2(x,y), phiac aS_ng V. i ph§p
tuy/Jn lam v, i tia Oz m, t g-c nh n la phia trén, phia kia g i la phza d_ai (xem
Hinh 3.13a,b).

N/u mHt S cho b i ph€hng trinh x = x(y,z), ta c6 thiW x8t ph2a tr€ ¢ - phia
sau. NJJu S cho b i ph€hng trinh y=y(z,x), ta c6 thW n-i L/n ph2a tr§i - phia
phli. Th crac8ct trén-de€ i, tre c - sau, trai - ph[i* LOGych c- ttnh€ c I,
ph, thu cvao Vv tretehng L' i¢ ah tr cv ing€ iquan sét.

MHt k2n bbit k8 khing t cdt S (mHt cfu, mHt elipsoide ...) 1a mHt hai ph2a.
Phia c6 phap tuy/n h€, ng vao miQn trong gi. i hin b i mHt S '€ ¢ g i la phia
trong ¢ a S, phakial'€ c g i laphiangoaic a$S (xem Hinh 3.13c).

Bin hay ndi nh_ ng ph2a c- thW ¢, a chijc chum?

MHt tr, , mHt cfu, mit n-n?

Leu y: C6 nh_ng rdc r" i khi x§c L' nh ph?a ¢ a mit: btng M©bius. Ta lbly
m, t bkng gibly hinh ch. nhdt ABCD; xodn btng Ui n a vong; dan chéo A v, i C,
BV iD,tast '€ ¢cbtng MCbius (xem Hinh 3.12).
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Hinh 3.12. Btng M®bius

M t con Ki/jn c- thWbo * trén “c[ hai ph2ad ¢, a mit ma khong cfn bo qua
bién. MHt nhe th/] 1a mHt 1 phza. Tuy nhi°n ng€ italoli Linh ngtré ngh p rdc
r" i nay, ch” x®t mHt 2 ph2a.

Chom, tmitL'nhhe ngSLE cgi ihlnb ibién Cg" mm t (nJumit Lhn
lien) hotlc m ts” (n/u mit La li°n) '€ ng cong k2n, lién t, ¢, trhn t ng kh¥c. Ta
gihangd ngtrénC_ngv. iphzaldch nc amitSI he ngmam tngé i
quan s8t L, ng th3ng theo h€ ng ¢ a ph8p tuyJn ¢ a mit, Li d ¢ theo h€ ng
dehng ¢, a '€ ng cong s€ thbly phfn gfn nhblt ¢ a mit S lutn* vQ bén trai (xem
Hinh 3.14).

—|,: @) ? (b)

Hinh 3.14. H ang d. _ng cva bién cva mitL nli°n (a) v cva m'lt La lién (b)
MHt S '€ ¢ g i lalinh h ang tpng m nhnfju n- 1aliént ¢, L€ ¢ phon
chiab' im ts h uhln '€ ng trhn t ng kh¥c thanh m ts" h_u hln m[nh " nh
h€ ng, he ngtrén m i mnh L'€ ¢ x8c L' nh sao cho hai h€ ng dehng tren phfn
bién chung ¢, a hai m[nh kQ nhau I ng€ ¢ nhau.

(a) (b)
f ; A
B

Hinh 3.15. M'It Lnh h. ang tpng n# nh (a), ph2a ngoai cva hinh hip (b)

Theo nguyén tdc nay, hinh h p c- thW L'nh h€, ng ra ngoai (Hinh 3.15b) -
hotic ng€ c 14, L'nh h€ ng vao trong.
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3.4.2. Tich phan mit lodi hai

a. B”i to§n thing | wng. Chbit | ngc- vdnt ¢ v khing I i theo th i gian
cIng nhe khing ph, thu c vao v tr2 ¢ a Lilim xem x@t. X8t m, t m[nh ph3ng S
L#t trong chbit | ng, bi/Jt ring S 1a mit L' nh h€ ng v, i v&c th ph8p tuyn Lhn v
n vav idi ntch DS. Trongm, tLhnv th igian, I€ ng chblt | ng chly qua mht
S (t tr8i sang ph[i) la thW tch hinh tr, xién (xem Hinh 3.16):

F=V=v.cos(n,v).DS=nYv.DS. (3.22)

'Oy ch¥ng ta quy € ¢ ring F mang giatr deéhngnjjug-ch pb ivec th
phap tuyn N v, i v 1a géc nh n, mang gi§ tr 6m njju L - la géc tu.

Fconl€ cg il thtngl€ ngc atr€ ngvdnt ¢ v quamhtS.
7 N\

& (-
< S

»
»

v

Hinh 3.16. L wng ctn tIYng cif y qua m'lt S trong mit L n vil thyi gian

T ng qust h-a tinh hu” ng trén khi vdn t ¢ V ph, thu ¢ v'o Lilim LHt M
trong m2i tr€ ng, mdt L, v¥n coi I khing I i, va mit S 1a mit cong L' nh h€ ng,
cIng nhe nhiQu hi' n t€" ng vdt IT khsc, ng€ i ta Li L/n kh§i ni m tzch phen mit
lodi hai.

b. ninh nghea. Trong miQn khing gian G x8t h™m vec th I\E:I\E(M)
= P(M)?+ Q(M)\j+ R(M)E. Trong G cho mit L'nh h€ ng S* L- vBc th ph§p
tuy/n Lhn v tdi Liwm M TS 1a n =n(M) = (cosa(M), cosb(M),cos g(M)). Chia
S thanh cac mfnh nh,  (DS,), ..., (DS,)) khong d¥m Ién nhau va g i di n txh
tehng_ ngc, ach¥ng la DS, ...,DS,. Trén mfnh (DS;) ch nm tLilm M; tayy.
Ldp  ng sau LGy, g ilat ng txch phon:

nd d
I, = aF(M;)Yn(M;)Ds;
i=1

= & (P(M;)cosa(M;) + Q(My) cosb(M;) + R (M) cosg(M;)) DS;.
i=1

N/u khi n — = sao cho Maxd; — 0 (d; I L€ ng k&nh ¢. a m[nh (DS;))
mat ng I, dfn Ln gi i hin I h uhin x8c L' nh, kh*ng ph, thu c vao cach chia
mht S va cach ch n c§c Lilm M; thi gi i hin L- L€ c g i la tich phan It lo' i
hai ¢, a c8c ham P(M), Q(M), R(M) (hay ¢, a tré ng vec th F(M)) trén S va
'€ ckThiula

MP(X y,z)dydz +Q(x,y,z)dzdx + R(x,y,z) dxdy (3.23)
S

95



(hottc Lhn gifn hhn, {iP dydz + Qdzdx + R dxdy).
s

N/u S la mit L' nh h€ ngt ng minh, tich phon trén S la t ng c8c t2ch phen
trén nh. ng m{nh nh, L' nh h€ ng:

n
fifi Pdydz+Qdzdx + R dxdy = & fifi P dydz + Qdzdx + R dxdy .
$1C..CSy =L s
Chay. T2ch phén '€’ ¢ vift Lhn gi[n hhn khi m_ t (hay hai) thanh phfn P,
Q, R tri t tiéu, cIng nh€ khi c- th as” chung, ching hin
Pdydz, ...; {ifjHPdydz + HQdzdx = {jjH(P dydz +Qdzdx).
s s S

MHt cong k2n S la bién ¢ a miQn h_ u hin V n"o L- trong khing gian v~
khong c6 ch” d¥n gi thém thi ta quy € c tich phon Ibly trén S theo phia ngoai la:

ﬁﬁ Pdydz + Qdzdx + R dxdy .
s

C. NiZu KiMn tQn ¢ i
N NJju'S la mht IL'nh h€ ngt ng m[nh va cac ham P, Q, R lién {, c trén S thi
t n t4i t2ch phOn mHt loYi hai ¢, a c§c ham nay trén S.

d. Tinh chr t

T Sx phA thuic v'o h ang cva mlt. NJju mit '€ ¢ ch n theo h€, ng

ng€ c I4i thi tich phan ¢6 cing tr tuy t L i nheng L i dblu:

i Pdydz + Qdzdx + R dxdy = -{jfj P dydz + Qdzdx + R dxdy (3.24)

s” s*
" LGy S” lamit Sv, i he ng dehng L& ch n ban Lfu, S™ lamit S v, i he ng
ng€ c I4i.

T MXi lién hM vai tzch phon m'lt lo! i mit

Nhdc 16i: n(M) = (cosa(M), cosb(M),cos g(M)) - v&c th ph8p tuy/jn Lhn v
tai Lilm M ¢ amHt ' nh h€, ng S.

N

i P dydz + Qdzdx + Rdxdy = fjj (Pcosa + Qcosb + R cosg) dS
s S
FFYRdS. (3.25)

—2

w

1 Ngoai ra, tich phan mit lodi c- c§c t2nh chbit thing th€ ng ¢ a tach phen
nh€ t2nh chbit tuy/jn t2nh, h th. ¢ Chasles, ...
_ LuyM™M ts” tai li udang v/ phli ¢, aphehng trinh (3.25) Iam L nh nghoa
cIng nh€ ky hi u ¢, a t2ch phan mHt lodi hai.

3.4.3. Y nghoa

niv ité€ ng vec th I%:P\iJ+Q\j+RI\2, thtng | ing F ¢ atr€ ng qua
mHt ' nh h€ ng S la tich phan mit lodi hai ¢, a F trén S:
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F = fjjPdydz + Qdzdx + R dxdy .
s

(Nh, 14i tré ng vdn t ¢: F =1€ ng chblt | ng chly qua mHt theo chiQu x§c
I"nh trong m, t Lhn v th i gian).

3.4.4. Cach tinh

* So dAng c*ng thoc lién hM hai lo* i t2ch phOn m'It

* M1t cho beiph _ ng trinh hiMn z = z(Xx,y)

S: z=1z(x,y), (x,y) ID (D lahinh chiu ¢ aS xu ng mHt Oxy),

Phia ¢, a mHt la phia trén thi cac véc th ph8p tuyJn s€ tlo v, i tr, c Oz m t
géc nh n. \’(ﬁz(—z;(,—zg,,l) (thanh phfn th. 3 ¢ a ph8p tuyJn 20), phép
tuy/Jn Lhn v t€hng. ng la

o

d é _Zk —Zy 1

aa\/1+zk+zy \/1+zk+z£, \/1+zk+z£,
Thay vao (3.25) vas d, ng c§ch tnh t2ch phén m#t loti m tta L€ c:
_.d -z P -Zj,.Q R
I = n e o
\/1+Zk+2y \/l+2k+29 \/l+Zk+Zy
=i (- zic P(X,y,2(%, ) - 2i, Q(X, Y, 2(X, ¥)) + R(X, Y, 2(X, y))) dxdy.
D

NJu ph2a ¢, a mit I ph2a d€ i (ph8p tuyn tdo v, i tr, c Oz m t g-c th) thi
ta phli thém dblu tr vao v/] phri.

ninh IT 3.4. Gi[ s mHt cong (S) cho b’ i ph€hng trinh hi n z=z(x,y), la
ham lién t, ¢ c¥ng c§c Llo ham riéng zj, z|, trén miQn L-ng, gi, in i (c- din

O

dS

tich) D trong y?. Cing gi[ s ring P, Q, R 1a nh_ ng ham lién t, c trén (S). Khi
L- x[yracingth c

fifi P dydz + Qdzdx + Rdxdy = °fifi (- zj,.P - zj,.Q + R) dxdy . (3.26)
s D
nic bi t,
MR (X, y,z)dxdy = °fiR(X,y,z(X,y))dxdy. (3.27)
s D
Dblu ¢ ng "+" haytr " -"tly thu c vao phiac a mHitch n la phia trén hay
ph?a dg, i.
Vi dA 3.10. Tinh tich phan m#t lodi hai ﬁﬁxzdxdy+zdydz, trong L- S I”
s

phfn ¢, a mit z = x? +y2 nim phZa trén hinh vuéng D: -1¢x¢1 -1¢y¢1 va
h€ ng Ién phia trén.

Gii. z=x"+y?, zj = 2x, zj, =2y. Vi mit lbly theo ph?a trén, theo cong
th ¢ (3.26) nhdn '€ ¢
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fif x“dxdy + zdydz = fifjzdydz + 0.dzdx + x*dxdy
S S

= ﬁﬁ((—Zx)z(x,y) +1.x2)dxdy =i (x2 ~2x3 - 2xy2)dxdy = i #
D D 3
Vi dA 3.11. T?nh thing I€ ng ¢ atré ng vec th F= y‘il— x\j+4§ trong L-
S laphfn tsmth nhbit ¢ amht cfu x? +y? +z2 =1 v" h€, ng ra ngoai.

GHi. x2+y?+22=1,220 Yz=41-x*-y?,

z;(:—_x zg,:—_y .
-2 _y? X2 _y?

Mt h€ ng rangoai cing I h€ ng Ién trén. Theo (3.26),
F = fi ydydz - xdzdx + 4dxdy

S

g T e Y
DQ\/l—x -y \/1—x -y s

= i 4dxdy = 4dt(D) = 4.% =p. 4
D

Vi dA 3.12. Tinh tich phan mit lodi hai m xdydz + ydzdx + zdxdy, trong
s
S I” mit xung quanh ¢ at din giihin b i cd mHt phing tod L,
0

Hinh 3.17. To diMn € V2 dA 3.12

98



Vi L'nh h€ ng ra ph2a ngoai nén mit S; h€ ng xu” ng phza d€ i, vec th
phap tuyIn Lhn v la -k=(0, 0, -1). Vdy
l; = fjj xdydz + ydzdx + zdxdy = {jfj (x.0+ y.0+ z.(-1)dS
St St
= -fj1zdS =fjj0dxdy = 0 (D la tam giac OAB).
S D
(C6 thW nhdn x8t ring, trén S; thi z=0 Y dz =0 Y dydz =dzdx = 0. Vdy

l; = fifj xdydz + ydzdx + zdxdy = 0+ 0 + fjjzdxdy = 0).
S1 S1
T tnhLlix ngsuyral,=13=1;=0.
nl 2nh 1, tathlly z=1-x-y Y 1\ =(-zj, -z, 1) = 1,12), dung (3.26):

I, = fifj xdydz + ydzdx + zdxdy = fjj (X +y + z(X, y))dxdy = fjjldxdy = 1
S4 D D 2
1
Suyra | =—.
y 2
* Th crasau LOys d ng cing th c Ostrogradski-Gauss® m, ¢ 3.4.6 s€
ti n i hhn nhiQu. #
3.4.5. Cong th. ¢ Stokes

ninh IT 3.5 (Cong thoc Stokes). Gi[ s S la mit 'nh h€ ng L€ ¢t ng
mlnh, bién ¢ a S I '€ ng cong L k2n, trhn t ng kh¥ic, h€ ng ¢ a L L€ ¢ x§¢

I'nh phah p v, i h€ ng dehng ¢, a mit.
Gi[ s c&c ham P(x,y,2), Q(x,y,z), R(x,y,z) lién t ¢ cung v. i c&c LYo ham
riéng ¢ ach¥ingtréntdpm nol- ¢ a y3ch aS. Khil-

fi Pdx +Qdy + Rdz

L
=B BP By + AER Q0o K MR Ok (3.20)
s¢HX Wy~ CHY Hz: CHzZ px+

Vi dA 3.13. Tinh tich phan fi - y3dx +xdy - z%dz, trong L- C I" giao
c
tuyn ¢, a hinh tr, x?+y? =1 va mit phing 2x + 2y +z = 2 L' nh h€ ng sao cho
hinh chifu ¢, an- trén mht ph3ng Oxy c- chiQu ng€ ckim ' ngh”.
G#i. G i EI"elip c- bi°n C, L' nh h€, ng Ién trén. Hinh chi/ju E 1én Oxy la

hinh tron D : x? +y2 ¢ 1. Theo cong th ¢ Stokes,

| = fi (3x2 +3y? ) dxdy + (0 - 0)dydz + (0 + 0)dzdx
S
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1
= i (3x2 + 3y?) dxdy = 3.2p.f r2rdr = 2P, #
2
D 0
3.4.6. Cong th. ¢ Ostrogradski-Gauss
ninh IT 3.5 (Cong thoc Ostrogradski-Gauss) (hay ninh IT Divergence).
Gi['s VlamiQngi, in i, L-ng trong y3 V. i bién la mit S k2n, trhn t ng

mlnh, L'nh he ng L€ c. CIng gil s ring c§ ham P(x,y,z), Q(x.y,2), R(X.y2)
lién t, c cung v, i c8c LYo ham riéng ¢, ach¥ngtrén tdp m ch a V. Khi L-

ﬁﬁ Pdydz + Qdzdx + Rdxdy = ﬁﬁﬁa HP , HQ IR dedydz (3.30)
v (;|JX Hy Mz =
Tich phan trén mit S° vi] tr8i '€ ¢ Ibly theo ph2a ngoai.

Vi dA 3.14. Tinh tich phan I”]flxyzdydz+x2ydzdx+(x2+y2)22dxdy,
S

trong - SI” mitngoai ¢, ahinh tr. x2+y?¢1,0¢z¢1, h€ ngrangoai.

G# i. G i hinh chifu ¢ a hinh tr, Ién mHt ph3ng Oxy la D, theo cong th. ¢
Ostrogradski-Gauss,

NNN

| = {iifi (y? + x* + 2z(x* + y?))dxdydz = fiif (x> + y*)(2z +1)dxdlydz

\Y Vv
= i (<% + y2)(2° +z)\%) dxdy = 2fifi (x? + y*) dxdy = p. #
D D

Vi dA 3.15. Tinh tich phén IJII xydydz + (y? +e*?)dzdx + cos (xy) dxdy
S

trong L- S I mHt xung quanh ¢ a miQn G gi i hUn b i hinh tr, parabolic
z =1-x2 va cac mht phing z=0,y =0, y+z =2, h€ ng rangoai.

GH i. Tinh tr c ti/Jp t2ch phOn L& cho 1a kho khin vi phli t2nh trén 4 m[nh
khac nhau. Tas d, ng ctngth c Ostrogradski-Gauss,

1 1-x2  2-z 84
I =iifif (y +2y)dxdydz =3f dx {j dz fj ydy = : #

\Y -1 0 0 35
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Hinh 3.18. MiZn € V2 dA 3.15
Vi dA 3.16. Tinh tich phan mit lodi hai

I =iifi x2dydz - 2xy dzdx +3xzdxdy ,
s

V. i S 1a phfn mit cfu x2+y?+z2=4 nmim trong g-c phfn tSm th nhbtt
Xx20,y20,z20, he ng ra ph2a ngoai (khéng kW c§c hinh rT quit nym trén cac
mit ph3ng t aLl ).
GH i. NJu ta dung cong th, ¢ (3.26) ta s€ Li L/n tich phOn kh- khin.
B" sung thém cac mit S;:x =0, S,:y=0, S3:z=0,cing Vv, i Stal€ ¢
m, t mit k2n Sj (xem Hinh 3.11b). G i V IamiQn gi, i hin b i Sj, theo cong th ¢
Ostrogradski-Gauss,
=i - - -
Si S S22 S3
= i (2x - 2x +3x)dxdydz - ffi - fi - fifi = fifi3x dxdydz .
v S S S3V
(Tich ph&an mHit trén m, i mit S, S, Ss, LQu bing 0).
ChuyWnsangt al cfu,
X =rcosqsinj, y=rsingsinj, z=rcosj, |3 =r?sinj

p/2 pl2 2
1=3f dq i djfi(rcosgsinj).(r*sinj)dr =3p. #
0 0 0

Vi dA 3.17. Duing cong th ¢ Ostrogradski-Gauss LW t2nh t2ch phon * V2 d,

3.12.
- 1 1
Gili. 1= fjj (1 +1+1)dxdydz = 3fjfjjj dxdydz =3.-1.1.1= . #
6 2
v v
b) Thlo ludn
)T hc VD3.32 ; VD 3.33; VD3.34.

d) Bai tdp (10)

Taili u Tai i u [1], tr ...
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Chehng, m, c: 3
Ti/jt th :46-50 Tufnth : 10
MAc L2ch, yéu ¢ u:
1 L"mL€ cc8 baitdp cknbln ¢ achehng
1 Thblys gdn kit chit che ¢, ac§c lodi TP v, i IT thuy/t tré ng.
1 Phimvi_ngd, ngc aTP, Tré ngtrongth ct], trong k: thudt
- Hinh thoc tY choc & y hic:
Hinh th cch y/u: LT thuyft, th{o ludn-t h c,t nghiénc u
- Thyi gian:
Ly thuy/t, th[o ludn: 5t-T. h ¢, t nghiénc u: 5t
- nfla Lidm:
Gifng '€ ng do P2 phon cng.
- Nii dung ch?nh:
Bai tdp T2ch phen '€ ng lodi II.
§3.5. Ly thuyfjt tré ng

22.d) -2pa(h+a); 24.c)12p/5;d)0; e) 4pas/3; f) 4pa®;h)0. 25. p/3.

§3.5.LY THUYET TRh NG

3.5.1. Tré€ ngvihe€ ng

a. ninh nghea. Tr. yng v h_ang la phfn khing gian G matdi m i LiWm M
¢ an-c-x8 L'nhm tLUi € ngvihe nguM) (Ty).

Nh€ vdy, b[n chbit to§n h c ¢ atr€ nglaham u(M), g il h"m v® h€ ng
¢ atr€ ng. nWilhngiln,tag il tr€ ngvt he ngu(M), haytré ngu.

Gi['s trongh tr cOxyzchotre cn™ol- LilmMec-1 al, (xyz). Vic
cho tré ng tehng L'ehng v, ivi cchohams  u=u(x,y,z) X8 L nh trén G.

Ta ch” x8t tré ng ma ham u khéng ph, thu, ¢ vao th i gian, g i latr yng
dpng. Hhn n_ a, ta cing ch” x8t nh_ ng tr€ ng m” c§c LYo ham riéng ¢ a ham u
" n tli v khing " ng th ibing 0.

b. Mt moc. Cho tr€ ng vt h€ ng u(M). Phéhng trinh u(x,y,z) =c,
(c=const) x8c L'nhm, tmitn oL-, g ilamittm c (hay mitL3ngtr).

RS rang la cac mit m c kh8c nhau thi khdng cdt nhau. Hhn n_a, c8c mAit
m clbp LFymiQn G. Tdim, iLiwmc¢ aGe- m tvach' m tmitm cLiqua.

c. Gradient. LBy m t Lilm My(Xg,Y0,20) TG. it ug =u(Xg,Yq,2g)-
Xét mit m_ cqua My, L- I"'mit (S): u(x,y,z) =uy U u(x,y,z) -uy =0.

Theo (1.73), vec th phg c¢a (S) tli Likm M, Ila

gpu(Mo)’uu(Mo)’pu(Mo)& L€ cg ilavect gradientc atré ngtli My, ky
HX Ky HZ =

hi' ula gradu(M,) (hay Du(My)). Nhe vdy
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g%%gdju(mo) aeMU(MO) IJU(Mo)’HU(Mo)g

T SN T A
niQu nay x[y ra t4i Lilm M, bblt k8, vdy ta c-

9909l 3 §
gradu :g&iﬁiﬁg
Eux "y pz 2
A Wy U . S
(lubn gi[ thit gradu _ 0). Chang tanhdn L€ c L nh Il sau.
ninh IT 3.7. Gradient ¢, a tr€ ng v he ng u=u(x,y,z) tdi m t LiWm bbit
k8 ' ng phehng v, i vlc th ph8p tuy/jn ¢, amitt m c ¢ atré ngLiqua Lim bly.
Hinh 3 19 mé tf c§c L€ ng'ngm cg a tré ng phing. Ta LiWm M bblt
k8, v&c th grad vudng goc v, i vec th ti/]p tuy/n A C.amHitm c.

(3.31)

Hinh 3.19. V@c t gradient thAng goc vai m’lt moc
HMgu . NJju A h€ ng tifjp x¥c v, i mit m ¢ qua Lim M trong tré ngu
thi LYo ham ¢ ah™m u(x,y,z) theo h€, ng A tri t tieu: M(,;I\M—) =0.
H
Tinh chnt. Cho uy,u, I hai tré ngvih€ ngtrén G, fla ham's™ kh[ vi, C
lahings  th c bbit k8. Khi L -

S”r% (uy +U,) = grad u; + grad u,,

grad (Cu) = Cgrad u

909 gogg 009!

grad (usu,) = usgradu, +u,graduy,

gradf(u) = fi(u)grad u. (3.32)

Nh€ vdy, khi coi gradient nh€ m, tto§n t , t2nh chblit ¢ a n- rbit gi’ ng t2nh
chbit ¢, atognt LYo ham.

3.5.2. Tré ng véc th
a. ninh nghea. Tr_ yng v®ct la phfn khing gian ma tdi m, i Lilm M(x,y,z)
¢, an-c- x§cL'nhm tvec th F:

F= F(M) = F(x,y,z).
Gi ngnhe tr€ ng v he ng, quantr ng* LGy I h"m vlc th I\E(M).
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Thing th€ ng, tré ng vec th gdn v, i kh8ini mvdt IT ¢ thW, v2d, : tré ng
| ¢ hblp d¥n, tré ng vdn t ¢ ¢ a nh ng hdt chblt | ng ch a Lfy trong m t miQn
khong giann“o L- v" chuyWin I, ng,t tré ng, Li ntré ng...

Nh€ vdy, tré ng vBc th ch2nh " m t h”m v@c th x§c L' nh trén m, t miQn
trong khong gian.

Vi ¢ cho tré ng vec th F tehng L'€hng v, i vi ¢ cho ba h'm v h€ ng

P(xy.2)), Q(x.¥:2), R(x.y,2) trong G E y* Lli
lu:(x,y,zg = ng,y,dZ) i +O|Q(x,y,2)]f +R(x,y,2)k
(hay F=Pi +Qj+RK). '

Chuing ta ch” x8t nh_ ng tré ng vBc th m™ c§ch™m P, Q, R ¢- c&c LYo ham
riéng lién ¢, c trong G.

nW biWu di_ n tré ng, ng€ i ta v€ c8c vec th E(Ml), e E(Mn) tdi c§c Lim
tehng. ng My,..., M, thu ctré ng (xem Hinh 3.20).

VidA3.18. i) Xétm tlintchqg (q>0) Lhttdig ct al, O.Gi[s ti
LiWm M(x,y,z) ta Lkt m t Li nt2ch Lhn v g, =1. Theo L nh ludt Coulomb, | ¢
LXy LKt Ién g;x8c L'nh b i
d q d_,F
E= 30 = A_s*

4pegr r

g ¢ d d
trong - e, =8,85.107*, 9:%%:xi+yj+zk, r:|9|:\/x2+y2+22-

EL€cgil vecthlintr€ ng tr€ ng E xungquanh g cOg il Lin
tré ng.

Hinh 3.20. niMn tr_ yng (tr8i) va dong i | u € mitvang bién (ptt i)

i) Xét m_t chbit | ng chuyWn L, ng trong m t v¥%ng khing gian n"o L-. Vdn
t ¢ ¢ ahlt chblt [ ng tdi LiWm M I” vec th V(M) . Vdy, trong chélt | ng ta L4 co
m ttr€ ngvdnt c V. V& th V ¢6 ba thanh phfn V,, Vy, V, (xem Hinh 3.20
(phli) (t [18])). #

b. n yng dong (L. yng soc)

n yngdong ¢ atr€ ngvecth I" m i L€ ng cong ma tifJp tuy/n ¢ an- tli
m, tLiWm tay y " ng phehng v, i vec th ¢, atré ng LHt tdi Lim nay.
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Cho tr€ ng vec th F = (p,Q,R)- MW tim phehng trinh ¢, a '€ ng dong C:
x =X(t), y =y(t), z=2z(t), ta thbly v@c th ch’” ph€hng ¢ a tijp tuyn tdi M =
M(x(t), y(t),z(t)) 1a (xi(t),yi(t),zi(t)). V&c th n"y ph[i " ng ph€hng v, i vec th
F=(P(x(t), y(1), z(1)), Q(x(t), y(1),z(t)), R(x(t),y(1), z(1))) . Vdy,
Xi() _ yit) _zi(t) . 0 _dy _dz. (3.33)
P Q R P Q R
niv itr€ nglin® Vv2d, 3.18, nghi mc, a(3.33) la cac tia xublt phst t
gctal.
T. tr€ ngc- c8 L€ ng dong la cac "cung” n' i hai ¢ ¢ Bdc-Nam.
V. it tr€ ng hayLi ntr€ ng, c§c L'€ ng dong con g i la cac L. yng soc
(thWhi nchiQug al ct8cL ng).
c. Thing | wng
Ta L' bift ring (bai §3.2) L' i v, i tr€ ng vdn t ¢ trong chbit | ng, I€ ng
chbit | ng F chly quamhtStrongm tLhnv th igian '€ ctnh b i
F = fjj Pdydz + Qdzdx + Rdxdy .
S
Chang ta s€ m" r. ng kh8ini m thing I€ ng sang tré ng vec th.
Cho tré ng vec th E: P?+Q]l + RE trong miQn G. Gi[ s S Ia mHt cong
I"nh h€ ngt ng mnh trong G va n = (cosa, cosb, cosg) I vec th ph§p tuy/n
Lhnv ¢ amHtStheo phzaldch ng aS.
Thingl tng F ¢ atré ng F theo h€ ngLdch nc acSc ph8p tuy]n x§c
I"nh b i tch phon mHt lodi hai
F = fji Pdydz + Qdzdx + Rdxdy
S
T miliénh gi a2 loditech phon mht, gia tr nay chinh la
i (Pcosa + Qcosb + Rcos g) dS = fjjj FYRdS.

S S
Vithl], ng€ itahay vifJt ctng th c tnh thing I€ ng d€ idlng vec th
F = fiFrnds (3.34)
S

Vi dA 3.19. Tich phan mit lodi hai '€ ¢s d. ng nhiQu khi nghiénc u's
truyQn nhi t. Gi[ s nhi t I tdi LiWm (x,y,z) trong m t vdt thW la u(x,y,z).
Tré ng vc th F=-Kgradu = (P,Q,R) L€ ¢ g i la dong nhilit (heat flow) (c6
tai li ug il vlc th thing I€ ngnhi t), trong L- hings K=K(x,y,2)20 g i
lah s d¥n nhi t'a phehng ¢ a vdt Ii u, v i vdt " ng chblt thi K 1a hing s,
'€’ ¢ x8c L' nh bing th, ¢ nghi m. Ta ph[i dung dblu @m (=) vinhi tL, L€ ¢
truyQn t cao xu” ng thblp. L€ ng nhi t truyQn qua mit S trong m t Lhn v th i
gian-g ilat cL truyQnnhi tquamHitS-chob i

i Pdydz + Qdzdx + R dxdy = i (Pcosa+ Q cosb + R cosg)dS.
s S
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nOy ch2nh I thing I€ ng ¢, adong nhi tqua mht S.

d. Divergence (Li ph©n k8)

Cho tré ng vec th F=Pi+Qj+Rk trong miQn G, v"" nhe thé ng I , gil
s c8c LUo ham riéng ¢, a c§c ham P, Q, R ¥ n tdi va lién t, c. Divergence ¢ a F,
ky hi ula divF, 1ahambabijn x8cL'nhb' i

div vy = 2PM) | QM) , pR(M) (3.35)
Hx Hy He
M t c§ch ngdn g n, divergence tdi LiWm M la Li phOn k8 (L, phs§t t§n)
trung binh tdi m, t thw t2ch I, nh, bao quanh LiWm nay.
Chung ta cIng c- thW viJt 13i cing th ¢ Ostrogradski-Gauss d€ i ding vec
th nh€ sau:

O: O

d d a d
F= psu FYndS = ﬁ\r”lﬁdidexdydz %: ﬁ\r”lﬁdideV (3.37)
trong L- S I bi°n ¢, amiQn V, h€ ng ra ngoai.

Chinh vi th]], divF con L€ ¢ g ila mot Li th*ng | tng (mdt L, phst t8n)
¢ atré ng.

*Mn7ol-m” divE(M) >0 thi divF>0 trong lan cdn LiWm nay. Theo
cong th ¢ (3.37), thng I€ ng qua mHt S ra ph2a ngo™i déhng. Ta g i LiWm M
nh€ th/] la Lidém nguQn.

Ng€ ¢ 1Y, nju div I\E(M) <0, thiLiWm Mg ilaLiom ro (LiWm h¥t).

Tinh chnt. Cho F, El, Ez la nh, ng tré ng vec th, C I" vac th hing s , u la
tré ngvihe ng, klahings . Khil- tac-

div(F, + F,) = divF, + divF,;
div(kg = kdivg;

d
div(uC) = CY%%%% u;

div(uE) = EYE]?%H&U +udivF. (3.38)
e. L usX varotation (xoay)
Talabiftringctng Tgatr€ ngl c E:P?+Q?+Rl\2 d c theo '€ ng
cong CL€ ctnh b i
T =fjPdx+Qdy+Rdz = fj(Pcosaj+ Qcosbi+R cosgi)dS
c s
trong L'- T =(cosaj, cosbi, cosgi) 1a véc th ti/jp tuyn Lhn v ¢, a '€ ng C theo
h€ ngLaxac L nhtrenL-. T ngqu§th-akft qul tr°nta Li L/n L nh nghoa:
ninh nghoa. L_u sX (hay ho'n I€u) ¢ a tré ng vec th F=Pi +Q? +RK
d ctheo '€ ngcong L' nh he ng C L#t trong tr€ ng la

L = fiPdx +Qdy +Rdz = fiFyids. (3.39)
C S

o
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nWd nh ,ngé itacon vift vec th n"y d€, idling

u u

i ]k
d d
?g'i(F S L I :8?%95m. (3.41)
Xy ez
P Q R

ux’ py ' pz2

(Ky hi u" " LWch"tzch c- h€ ng ¢ a hai vec th).
(NhiQu tai Ii u KT hi u v@c th xo8y I curl F).
T. L-, ch¥ngtac- thwvift IYi ctng th c Stokes d€, i ding v&c th:

7 Frids = ffrot Frids. (3.42)

C s
VJ] phli thW hiln hiMu ong quay ¢, a tré ng quanh tr, ¢ L' nh h€ ng theo vec
th H,. Theo (3.43), hi' u_ ng nay | n nhiit khi ci n he ng N, = rot F(M,).

N/u Fot E(MO) =0, thileus ¢ atr€ ngd ctheo L€ ng cong kan kh§ b®
bao quanh M, bing khing. Tan-i M, I Liim binh th€ ng.

Nju rot E(MO) _0thileus ¢ atr€ ngd ctheom tL€ ng tron kha bé
bao quanh M, n-i chung kh8c kh*ng, Tan-iLilm M, I LiWm xo8y.

Vi ool Ap o opo

Vecth ot F g i I vec th xo8y ¢, a tré ng.

Tinh cmt. Cho F, I\él, |‘52 la nh, ng tré ng vec th, C I" véc th hings', u la
tré ngvihe ng, klahings . Khil- tac-

Yp U U YU ygdu
rot(F, + F2) = rotF +rotF2

rot(uC)=gradu@cC
ot (uF) = urotF + gradu @F. (3.44)
(3.45)

3.5.3. Toan to vi phon
Cho u=u(xy,z) I tré ng vt h€ ng, F= P?+Q}+Rl2 I" tré ng v@c
th. X@t cgc to§nt sau:
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d yud yud
o T S TL Y

grad: u gradu ="—i+—j+ Kk,
X Wy pz
d d
div  F S o|ivF—“_)'z+£+NFze
“d uyd ud
1 J k
d
?8? ' FS rgdi(F) LS
W opy o pzf
P Q R

Céctoant trén g ila cactodn to vi phén. Ching la cac toan t tuy/n t2nh.
Ngo“ira, ngé itaconl€av'oc8ctodnt viphln sau LOy.
a. Toan to Laplace la toan t
2 2 2
p=H H ¥

w2 py? pz?

8 12 2 2 5 2 2 2
D:uSDu=gro+ P+ Py =R LB, B0 34p)

cuxoy? pzf oyt oz

b. Toan to del (con g ilatoan t nabla hay to§n t Haminton), ['€ ¢ KT
hi ub' ivectht€ ng tréng

d d d
gowd wd wf

(3.47)
O A
t8c L, ng nh€ sau:
d d d d
pu=H] lJuj Ry - 8%%%u
o ly  pz
d d d
prF=M L KO IR _givF,
HX Hy Mz
i ] K
d d
Bololw 1w (3.48)
X py pz
P Q R

Mhc dfu gradu, divF, rotF 1a nh_ng tré ng rét thing d, ng, song trong IT
thuy/t tr€ ng ng€ i ta hay thay ch¥ng IFn I€ th' i

Bu, BIF, DoF.

Vitoant D la toan t tuy/]n t2nh n°n c8c ph®p nhén v h€, ng, c- h€ ng
“ LOyc- m, ts tnh chbit ¢ a ph@p nhon vt he ng, c- h€ ng thing th€ ngc a
cdc véc th, ch” cfn coi to§n t nabla B nhe m, t v@c th t€ ng tréng. Tuy nhi°n
clng c- m, t ch¥t kh&c bi t, ching hin

d d
BiR-givb-P 1O IR,
Xy oz
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E Y% =p. L +o +r M (latoant viphén v he ng).
KX Hy Uz
HM qu

Bob=D.

c¢.Tr. yng dong (hay tr€ ng “ng). Nju tdi m i Lilm M TG LQu x[y ra
divF(M) =0 thitré ng L€ cg ilatr yngdong (hay tré ng” ng).

Nhe€ vdy, tré ng dong la tr€ ng khng c- LiWm ngu” n, cIng kh*ng c- Lilm
ro, thong 1€ ng qua mHt k2n bblt k8 LQu bing khng.

d.Tr yng thA. NJu t4i m i Linm M TG LQu x[y ra ?&E(M):O thi
tré ngl'€ cg ilatr yng tha.

Nh€ vdy, tré ngth/] I” tr€ ng khingc- Lillm xo8y.

Gi[s F=(P,Q,R); F I"tré ng th] khi vach’ khi

y .

MX |y Hy Mz pz pX
Nh€ vdy, nju U 1a miQn m', Lhn li°n bblt k8 trong G thi theo n'nh IT 3.3,
m, tlobt K/t ludn tac- thWsuyrat LiQu nay:

1 F I' tr€ ng th] khi va ch” khi ¥'n tdi h™m u(x,y,z) trong U LW
F=gradu (U du=Pdx+Qdy+Rdz). u(x.y,2) L€ ¢ g i Ia ham
th]v ¢ atré ng.

1 F I tr€ ngth] khivach khileus trén m tL€ ngcong &B bt
k8 ¢ atré ng (lién t c, khing t cdt, trhn t ng khic trong U) ch’
ph, thu ¢ v'o LiWm Lfu v LiWm cu i ¢ atré ng, khing ph, thu c
vol€ ngni2liWmn’ytrong U. L€us L- bing hi u gi a th]]
¢ atr€ ngtdiLiwmcu iv ith]g atré ng tdiLiWm LFu:

i Pdx+Qdy+Rdz =u(B) - u(A).
B
e. Tr_ yng LiZu hoa
Tré ngv al tr€ ngdong,v. al tr€ ngth]g ilatr yng LiZu hoa.
Tré ng F I tr€ ng LiQu hoa thi trong m t miQn m' , Lhn li°n U bbit k8
trong G, t n tdi ham u(x,y,z) trong U - g ilahamth]v ¢ atr€ ng- LW:
6F =gradu (U du =Pdx+Qdy +Rdz)
]
-_ u2u . w2y . w2y 0 (3.49)

o px?

——) -4

] < d ¥ u u u
VidA3.22. XetLi ntré ng* V2d, 3.18: E:A—3r Vift=xi+yj+zk.
r
.. L tr€ ng LiQu hoa.
Tom tdtchehng L. T L' ¢
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TOM TdT CHhuNG 3

1 AR x=x(t), y=y(t), z=2z(t), a¢tc¢hb,
b
i fds=ﬁf(x(t),y(t),z(t))\/xiz(t)+yiz(t)+zi2(t) dt

Cach | 4 a
- tinh i  #B:y=f(x), a¢x¢h,
, b
Lf)q?g 5 Fds = fF (x, YOO+ yiZ ()
B a
t . s
m 1 n dai: T Khil€ ng:
ng = fj ds m=f r(x,y,z)ds
d. ng ; A8 A8
1 Dintcchrem: {f(x,y)ds
c
T L:x=x(t),y=y(t),act¢hb,
b
Cach | iPdx+Qady= i [P(x(1), y() xi(t) + Q(x(1), y(1)yi(t)]dt
. L a
tinh 1 L:y=y(x),a¢tx¢h,
b
fjPdx +Qdy = fi[P(x, y(x)) +Q(x, y(x))yi(x)]dx
L a
TP | Cong . P
€ ng | th c f Pax+ Qy = i B2 - X2 By
loYi | Green L p¢HX HYy=
hai
Dm ,Lhnli°n, HQ(X,Y) _ HP(X,Y) ""(x,y) I D thi:
HX Hy
po:: 1 fi Pdx+Qdy khongph, thu cvol€ ngn iAv, i
V. i B
L€ ng | B
by T $ ham th] u(x,y),du = Pdx + Qdy:
TP x y
u(x,y) = fj P(x,yg)dx+ fj Q(x,y)dy +C
X0 Yo
Ctllar\]f;]h i f (%, y,2)dS = fifi f (X, y, 2(x, y)) /1 + 2 + zi dxdly
s D
TP 1 Di ntchmitcong: 9§ Kh'il€ ng mit cong:
mHit dt(S) = i dS m = fir(x,y,z)ds
lodi ng s s
mt | gng (T Trngtom: G(Xg,Ys:Zg),

X =—fiixr(x,y,2)ds...

L
mS
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11 {ifi P dydz + Qdzdx + R dxdy = °fii (- zj.P - zi,.Q + R) dxdy
. s D
Cach
tinh . o
T fiRdxdy = °j R(x y.z(x,y)) dxdy
TP 3 R
miit A % pdx + Qdy + Rdz = 8P _ M 0404
o | COng i PeberQdy e o ™y 0%
hai L C
Stokes auR _pQ3 Odydz aﬁ—ﬁgdzdx
g Hy Mz = CHZ  PX =
con
th 0 i Pdydz + Qdzdx + Relxay = ﬁﬁﬁ;“z HQ, “Sodxdydz
0O -G S v CHX WYy HZ =
gog!
Grad. gradu gﬁ E EO
¢ UX py’ IJZ—
Thong ﬁﬁ Pdydz + Qdzdx + Rdxdy
€ ng
. P(M M R(M
Tré ng | Div. dlvF(M): a H(X )+“Qu(y )+ H H(Z ),
i)k
gl d
Xoay rot(F)— NN T
X Hy Mz
P Q R

* KiWm tra 1 ti/jt 3 ch€hng Lfu.
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